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Abstract. We introduce a new class of exponentials of Artin-Hasse type, 
called TT-exponcntials. These exponentials depend on the choice of a generator 
TT of the Tate module of a Lubin-Tate group & over Zp. They arise naturally 
as solutions of solvable differential modules over the Robba Ring. If & is 
isomorphic to Gm over Zp, we develop methods to test their over-convergence, 
and get in this way a stronger version of the Frobenius Structure Theorem for 
differential equations. We define a natural transformation of the Artin-Schreier 
complex into the Kummer complex. This provides an explicit generator of the 
Kummer unramified extension of £^ , whose residue field is a given Artin- 
Schreier extension of k{{t)), where k is the residue field of K. We then compute 
explicitly the group, under tensor product, of isomorphism classes of rank one 
solvable differential equations. Moreover, we get a canonical way to compute 
the rank one 73-module over fj^ attached to a rank one representation of 
Gal{k({t)Y°P /k{{t))), defined by an Artin-Schreier character. 
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Introduction 

0.0.1. The aim of this paper is to make the theory of rank one solvable dif- 
ferential equations over the Robba ring TZk (cf. 1.1) as explicit as possible, where 
(JC, |.|) is a complete ultrametric field with residue field k. It is known (cf. [And02], 
[Meb02] and [Ked04]) that, under some restrictions on K and fc, a solvable p-adic 
differential module over TZk becomes unipotent, after pull back on a covering of 
TZk, coming from a separable extension of E := /c((t)). In particular, in [Meb02] 
the aim is to express this module via extension of rank one modules, and get a 
p-adic analogue of Turritin's classical Theorem for iiT ((T))-diffcrential modules. 

Let dr '■= T-^. We shall answer to the following questions: 

(1) When is a given differential equation 

(0.0.1) L^dT-giT), g(r) = ^ a,r e 7^if 

solvable? Can we read the solvability of L from the coefficients of g(T)? 

(2) What is the irregularity of i? 

(3) Can we explicitly describe the group (under tensor product) Pic^°^(TZK) of 
isomorphism classes of rank one solvable differential equations over TZk'^ 

(4) How does this differential equation change under Artin-Schreier exten- 
sions? In particular what is the family of rank one solvable modules 
becoming trivial after a given separable extension of E = k{{t))7 

(5) Let E'^'^P be the separable closure of E. What is explicitly the rank one 
(p-module attached to an Artin-Schreier character (or rank one representa- 
tion) of Ge := Gal(E'''^P/E) via the theory of Fontaine-Katz? In particular 
what is the solvable equation attached to this tp-module? 

0.0.2. Robba exponentials. The first example of irregular solvable differential 
equation was given by Dwork with the function exp(7rr~^), which is the Taylor 
solution at oo of the irregular operator dr + ttT~^, where tt is a solution of the 
equation XP~^ = —p. Dwork shows that the exponential '!9(r^^) := exp{Tr{T^P — 
T~^)) is over-convergent (i.e. converges for |r| > 1 — e, for some e > 0). This 
provides the so called "Frobenius Structure" isomorphism between dr + ttT~^ , and 
dr + nT-P. 

0.0.3. In [Rob85], Robba generalizes the example of Dwork by producing a 
class of exponentials, here called Em{T), commonly known as Robba's exponentials. 
Namely Robba shows that, for all number ttq such that IttqI = there exists 
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a sequence ai, Q!2, ■ • • such that, for aU m > 1, the exponential 

(0.0.2) i?™(T-i) = cxp(7ro(^ + ^i^-^ + • • • + a„,T-')) 

converges in the disk |r| > 1, and hence the operator L ~ Ot + 7i'o(2^ + 

aiT~P'" + • • • + amT~^), with Em{T~^) as solution, is solvable at p = 1. More- 

1 

over Robba shows the necessity of the condition |7roai| = \p\p^ , for all i > 0. This 
construction leads Robba to define the p-adic irregularity of a solvable differential 
equation as the slope at 1~ of the radius of convergence (cf. 1.16). 

But Robba's construction is not sufficient for two reasons. The first one is that 
the numbers at are obtained as intersection of a decreasing sequences of disks, and 
then the field K must be spherically complete. The second reason is that Robba 
was not able to prove the over-convergence of Em{T~'P) / Em{T~^), since the a^'s 
are essentially unknown. 

0.0.4. These problems are solved by S.Matsuda in [Mat95]. He simplifies 
remarkably the proof of Robba by using the Artin-Hasse exponential. The idea of 
introducing the Artin-Hasse exponential is due to Dwork (cf. [Dwo82, 21.1]), and 
Robba (cf. [Rob85, 10.12]). Matsuda shows that, if ^m+i is a primitive p^+^-th 

root of 1, and if £,m+i-j '■= Cm+i? then we can choose ai = (^^ — l)/(^o ~ !)• Then 

(0.0.3) iJ,„(T-i)=exp((ei-l)^ + (6-l)^^;^ + --- + (U+i-l)r-^) . 

Matsuda proves also that, ii p ^ 2, then the exponential Em{T~P) / Em{T~^) is 
over-convergent. He obtains these results by a quite complicates, but elementary, 
explicit estimation of the valuation of the coefficients of this exponential. 

For the first time we see, in the paper of Matsuda, the algebraic nature of these 
analytic exponentials. Indeed, if a : Ge — > A^ is a character of Ge into a finite 
extension A/Qp, such that a(GE) is finite, then Matsuda shows that the irregularity 
of the differential equation, attached to the ip — V-module over f defined by a, is 
equal to the Swan conductor of a. 

0.0.5. Independently from Matsuda, D.Chinellato, under the direction of Dwork, 
obtains a new algorithm showing the existence of the a^s (cf. [Chi02]). 

0.0.6. Even with the great progress given by Matsuda, Andre, Kedlaya, Crew, 
Mebkhout, Tsuzuki and others, the questions given in 0.0.1 are still open, and are 
the object of this paper. 

0.0.7. We generalize, and improve, the techniques of Matsuda and Chinellato, 
by invoking the Lubin-Tate theory. We recall that the Artin-Hasse exponential 
E{-, T) is the group morphism £'(-, T) : W{B) 1 + TB[[T]], functorial on the 
ring B, sending the Witt vector A — (Aq, Ai, . . .) G W(i3) into the series 

TP TP^ \ 
(0.0.4) E{\,T)^cxpUoT + (bi— + cl>2^ + ---) , 

where (00, '/'I: ■ • •) G i?*** is the phantom vector of A (cf. (1.3.1)). If i? = O^aig , then 
this exponential has bounded coefficients, and hence converges at least for \T\ < 1. 
Given a Frobenius automorphism of Zp[[Ar]], that is a series P{X) G XZp[[X]] 
lifting XP G Fp[[X]]. we consider a sequence {TTj}j>o in O^^is, such that P{tto) = 0, 
and P(7rj4-i) — nj, for all j > 0. Then we provide, for all m > 0, a Witt vector 
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[7Tm] G W(C'^aig), whose phantom vector is {iTm, ■ • ■ , tto, 0, 0, . . .). In this way, we 
obtain a large class of exponentials of "Robba" type: 



We show then that the radius of convergence of these exponentials is 1 if and only 
if P{X) is a Lubin-Tate series (cf. (1.5.1)^, which thus defines a Luhin-Tate group 
fi5p. In this case tt := {'Kj)j>o is a generator of the Tate module of ©p (cf. 2.12). If 
©p is the formal multiplicative group Gm, that is if P{X) = {X + 1)^ — 1, then we 
recover Matsuda's exponentials (0.0.3). On the other hand, if P{X) ~ pX + X^, 
we recover, for m = 0, Dwork's exponential. Observe that, in the case considered 
by Dwork, the formal group ©p is isomorphic, but not equal, to Gm- 

Furthermore, we show that Em{TP) / Em{T) is over-convergent, for all m > 0, 
if and only if &p is isomorphic (but not necessary equal) to Gm- This is the reason 
of the over-convergence of the exponentials Em{TP) / Em{T) of Matsuda and Dwork. 

From this starting point we develop the explicit link between abelian characters 
of Gal(fc((i))''°P/fc((t))) and rank one solvable differential equations over TZk^ and 
examine various applications. 

0.0.8. Organization of the paper. In Sections 1.1, 1.2, 1.3, 1.4, and 1.5 we 
give the definitions and recall some facts used in the sequel. 

In Section 2.1 wc define some canonical Witt vectors with coefficients in Zp[[X]], 
and show their properties with respect to the Artin-Hasse exponential. In section 
2.2 we introduce a new class of exponentials called 7r-exponentials (cf. (2.2.2)), and 
show their main properties with respect to the convergence/over-convergence. 

In Section 2.3, we give the first application. Fix a Lubin-Tate group ©p iso- 
morphic to Gm, and a generator tt = {T^j)j>o of the Tate module. Let L be a 
complete discrete valued field, with residue field fc^, and let : L — s- L be a lifting 
of the Frobenius x ^ oi k^. Let L,„ L(^,„), where is a primitive p^+^-th 
root of 1. It is well known that we have the Hcnselian bijection 

{Finite unramificd extensions of L] — > {Finite separable extensions of k^}. 

We shall describe an inverse of this map. Let k' jk^ be a finite cyclic abelian 
extension of degree d, and let L'/L be the corresponding unramificd extension. If 
((i,p) = 1, and if fc^ contains the d-th roots of 1, then fc'/fci is of Kummer type, and 
hence L' = L(B\ where d is the Teichmiiller representative of a Kummer generator 



On the other hand, if d = p™, then fc' is of Artin-Schreier type (cf. 1.39), and 
it is generated, over fc^, by (the entries of) a Witt vector v G Wm(fc^'^''), which 
is solution of an equation of the type F(i>) — i> = A, where A G ^ m^hL) is a so 
called Witt vector "defining" k' . In this case L'^jL^ is again a Kummer extension, 
since all cyclic extensions of i,„ whose degree is are Kummer. Now choose 
an arbitrary lifting A G W„j(C'i) of A, and solve the equation (p(i') — v = \ 
V G Wm(L""''). Then a Kummer generator B of is given by the value at T = 1 
of a certain 7r-exponential, called 9pm{v,T), (cf. 2.43). 

The Artin-Schreier theory and Kummer theory are given by some complexes 
computing the Galois cohomology. Roughly speaking, we shall obtain a natural 
transformation of functors which "deforms" the Artin-Schreier complex into the 



(0.0.5) 




9 G k'. 
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Kummer complex and induces a quasi isomorphism: 



(0.0.6) 



0- 



{Lr. 



F-1 



A 



■W™(fci) 



■0 



Actually, such a natural transformation can not exist, because the Artin-Schreier 
complex is in characteristic p, and the Kummer complex is in characteristic 0. As 
a matter of fact, wc lift the Artin-Schrcicr complex to characteristic and deform 
it into the Kummer complex, by using the value at T = 1 of some over-convergent 
TV -exponentials called 9pm[~^T) and Cpm(— ,r)P (see diagram (2.3.10)). This 
provides a well defined morphism between the cohomologies. 

Under some assumptions on K (cf. (2.3.19)), even if the field L = £\. is 
not complete, we show that this diagram exists for and its finite unramified 
extensions (cf. 2.49). The commutative diagram is then: 
(0.0.7) 



1 



(4 



K„ 



Hi(G, 







'(-,1) 



Op™ (-4)" 



W 



■W,„(0],)— f W„,((!?t,) 



0- 



•W„(E) 



F-l 



W„(E). 



■H1(Ge,Z/p™+iZ) 



where Ge = Gal(fc((i))''P/fc((i))) and G^^ = Gal{S^£^^ / £]^J. We specify the 

kernel and the image of the morphism e between the cohomologies. If f{t) G 
Wm(fc((t))) is a Witt vector defining an Artin-Schreier separable extension of fc((t)), 
then (up to add the p™+^-th roots of 1) a generator of the corresponding unramified 
extension of is given by Opmiy, 1), where v E W,„(£™'') is a solution of the 
equation — u = f{T), and f{T) e W,„(C'j^,) is an arbitrary hfting of f{t). 

0.0.9. Let Km := K{TTm) = K{£^m), Koo UmKm, and let fc,„ be the residue 
field of K,n- In Sections 3, 3.1, and 3.2 we classify all solvable rank one differential 
equations over TZk^ ■ The key point is the following equality, arising from the 
diagram (0.0.7), and useful for describing the Kummer generator 0pm (u, 1): 



(0.0.8) 



The expression Cpm [f[T), 1) has no meaning, because Cpm {—, Z) is not over-convergent 
as a function of Z. We make sense of this symbol in some cases: in Sections 3.1 we 
define a class of exponentials of the form 



(0.0.9) 



. (/-(T), 1) = exp ^™0o (T) + 



0rm 



TTq- 



p p'"- 

where /-(T) e W ^{T-^OkIT-']), and (<^o (n- • • ,0^(T)) e {T-^OK[T-']r+^ 
is its phantom vector. This exponential is T^^-adically convergent and defines 
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a series in 1 + T-^Ok„A[T^'^]\^ whose p^+^-th power lies in 7^/f„.. These Witt 
vectors correspond to totaUy ramified Artin-Schreier extensions of E := fc((i)). The 
exponential (0.0.9) is then the desired Kummer generator Opm{v>, 1). 

0.0.10. We state then the explicit bijection between the abelian Galois the- 
ory for E = fc((i)), and the theory of rank one differential equations over TZk^- 
Matsuda, in [Mat95], has pointed out, under some restrictions, that such a corre- 
spondence should exist. We go further by removing any restrictions, improving his 
methods, and by making the correspondence more explicit (cf. 3.4, 3.6). Namely 
we introduce the fundamental exponential epm(/~(r), 1). We show that every rank 
one differential module M over TZk^ comes, by scalar extension, from a module 
M]Q oq], over Koo[T~^], whose Taylor solution at oo is of the form 

(0.0.10) T-^" •ep™(/-(T),l) , 

for some m > 0, oo £ Zp, and f^{T) e W,n{T-^OK„AT^A)- Moreover, the 
isomorphism class of M depends only on the class of cq in "ZpfZ, and on the Artin- 
Schreier character a defined by the reduction of f~{T) in Wm(fcm((t))). Suppose 
that ao belongs to Z(p) := QnZp. Then ag corresponds to the moderate extensions 
of E = k{{t)), generated by t""" . On the other hand, f~{T) corresponds to the Artin- 
Schreier extension given by (the kernel of) the Artin-Schreier character defined by 
the reduction f^{T). We recover in this way the well known bijection 

f Ra k o e 1 f 1^°'^^'^'"?^^^^^ classes of rank one 

(0.0.11) < , ^ „^ !■ — ^ N solvable differential equations 

^ ' characters ot I /if \\ \ \ . , , , . , 

".^o^vi;; J ^ over 7?.i4-^ with rational residue 

where Ik^{(t)) is the inertia subgroup of Gal(feoo((i))*'''^/^oo((0))- 

0.0.11. The central point is that the following 7r-exponential is over-convergent 



ep"Cf(£)(ni) 

'(r(r),i) 



(0-0-12) .^ = ep"(/(p)(T) - /-(T), 1) 



where f^^-p^iT) is an arbitrary lifting of the reduction F(/ (t)) G 'Wm{km{{t)})- If 
a lifting of the p-th power map Lp : TZk — > T^k is given, then this result implies the 
usual Frobenius Structure Theorem. Observe that we do not need the existence of 
ip (cf. 2.29), because actually the isomorphism class of a given module M depends 
only on the reduction of f~(T) in characteristic p. This represents a progress in 
two directions, with respect to the analogous Theorem of [CC96]: firstly we do not 
suppose k perfect, and secondly we get a precise description of the isomorphism 
class of M. In particular, we find that, if ag = 0, then "the order" (cf. 1.27) of the 
Frobenius structure is 1 (cf. 4.5). 

Ill Section 3.2 we prove these Theorems essentially by reducing the study to 
the "elementary" 7r-exponentials corresponding to simpler Witt vector called s-co- 
monomials. These exponentials are studied in detail in sections 2.2. 

0.0.12. We give then some complements (Sections 4.1,4.2,4.3,4.4,4.5). In par- 
ticular, in the Section 4.2, we compute the group of rank one solvable equations 
killed by a given Artin-Schreier extension and then answer the question (4) of 0.0.1. 
In Section 4.3 we extend the definition of 7r-exponentials to a larger class of dif- 
ferential equations, and we provide an algorithm (see proof of 4.22), which gives a 
criterion of solvability, (cf. 4.28). In particular we show that there is no irregular 
rank one equations if K/Qp is unramified (cf. 4.31). This answers the question (1) 
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of 0.0.1. Then wc compute the irregularity in some classical cases (cf. 4.4). We 
describe the Tannakian group of the category whose objects are successive exten- 
sions of rank one solvable modules. We remove the hypothesis is spherically 
complete" present in the literature. In section 4.6 we compute the — V-module 
attached to a character with finite image of Ge- This answers question (5) of 0.0.1. 
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1. Definitions and Notations 

1.1. General notations. Let p > be a fixed prime number. Let {K, |.|) be a 
complete valued field containing {Qp, |.|). For every valued extension field L/K, we 
denote hy Ol = {x G L \ \x\ < 1} the ring of integers ofL,bypL = {a;SL| |a;| <1} 
its maximal ideal and by fc^ = Ol/Pl its residue field. We set k := kx, and take 
K'^^^ to be a fixed algebraic closure of K, and k'^^s = /c^aig will be its residue 
field. i^/K will be a spherically complete extension field containing K^^^, satisfying 

= K>o, and whose residue field k^/k is not algebraic. We set 

LU := 

We denote by dx '■= T-^ the usual derivation. For all rings R we denote by 
the group of invertible elements in R. 

1.1.1. Analytic functions and the Robba ring. For every (non vacuous) 
interval / C [0,oo[c M we set Axil) ■= {Z^iez "^i^' I supj(|ai|p') < oo ,Vp G /}, 
The topology of Ak{I) is defined by the family of absolute values 

(1.1.1) |/(T)|, :=max|a,|p\ V p G /. 

Let TZk U£^if(]l — e, 1[) be the Robba ring. TZk is complete with respect to 
the limit topology. Let £k ^i^' I ^^Pi 1^*1 < °° ' liniw-oo = 0} be the 

Amice ring. £k is endowed with the Gauss norm |.|i and is complete. We denote 
by Of^, :={/££ I |/|i < 1} its ring of integers. If the valuation on K is not 
discrete wc may have la^l < supj |aj|, for all i G Z. 

Definition 1.1. For all algebraic extensions H/K wc set 

(1.1.2) Anil) ■■= AKiI)®K H , -Rh ■■='Rk®k H , £h -.^ £k ®k H . 

Since K is algebraically closed in Ak{I) (resp. TZk, £k) then Ah{I) (rcsp. 
TZh, £h) is a domain. All p-adic differential equations over Anil) (resp. TZh-, £h) 
come, by scalar extension, from an equation over Al{I) (resp. TZl, £l) with L/K 
finite. This will justify the definition 1.18. 
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Definition 1.2. For all formal series /(T) = X^iez "^^^^ define 
(1.1.3) /"(T) := ^ a,r , /+(T) := ^a.r , 

i<-l i>l 

we have /(T) = /-(T) + + /+(T). 

Definition 1.3. For all algebraic extension H/K, let sj^ j, := TZh ^^h- We 
denote by rp HT^^f . If no confusion is possible we will write £\j (resp.Ol^) 

instead of £\j j, (resp. Oj^ j,). 

Remark 1.4. The quotients Of^/{/e Og,^ : |/|i < 1} or e)|^/{/GO|f : |/|i < 
1} is fc((t)) if and only if the valuation on K is discrete. Nevertheless, if the valuation 
is not discrete, the rings Oe^^ and are always local, their maximal ideals POe^^ 
and p^t are formed by series / — a^T* such that \ai\ < 1, for all i S Z, observe 
that, since the valuation is not discrete, this condition do not implies that |/|i < 1. 
The residue fields Oj^/p^t , and Og^/pOg^ are actually always equals to k{{t)). 

1.2. Generalities on rank one difTerential equations. Let B be one of 

the rings Ak{I), T^k, £k, £k- Let dr — g{T), g{T) G B be a first order Hnear 
differential operator. The differential module defined by dx — g{T) is the free rank 
one module M over B, endowed with the action of the derivation dr '■ M ^ M 
given, in the chosen basis e, by 9T(e) = g{T) ■ e. We will say that g{T) is the 
matrix of the derivation 9t in the basis e. In the sequel we will work with both 
derivations dx and d/dT. We set 

(1.2.1) gs{T) = the matrix of ; g[s]i.T) = the matrix of {d/dXy ; 
Then one has 

(1.2.2) = + gj^,(r).g[i](r) , g^^m -.= i . 

Let C be a B-differential algebra. A solution of dT—g{T), g{T) G B, with values in 
C is, by definition, an element y G C satisfying d{y) = g{T) -y. If M is the rank one 
module defined by d — ^(T), then the solution y define a morphism of B-modules 
e ^ y : M ^ G commuting with the derivation. The operator corresponding to 
the basis f ■ e, f E , is dr ~ {g{T) + ^^j^). On the other hand, the tensor 
product of the modules defined by dr — g{T) and dx — g{T) is the module defined 
by the operator dr — (giT) + g{T)). Then we will identify the group, under tensor 
product, of isomorphism classes of (free) rank one differential modules (here called 
Pic(B)) with the group 

B/9T,iog(B^) , 

where drjog : ^ B is the morphism of groups / i-^ <9t (/)//■ 
1.2.1. Taylor solution and radius of convergence. 

Let / C R>Q be some interval. In this subsection, AI will be a rank one Ak{I)- 
differential module defined by the operator dr ~ g{T). 

Let cc G O, |a-| G /. We regard 17[[T — a;]] as an ^x(-^)-diffcrcntial algebra by the 

Taylor map /(T) ^ J2k>oi^)Hf)i^)^^^ ■ ^{1) ^ ~ Al The Taylor 
solution of dr - g{T) at x is (recall that g{T) = r.g[i](T)) 

(1-2.3) s.(r):=5].9[fc](.T)t^. 

fc>0 
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Indeed dT{sx{T)) = g{T)sx{T). The radius of convergence of SxiT) at x is, by the 
usual definition, Ray{M,x) = \mimis{\g[k]{x)\/\k\\)^'k . 

Definition 1.5. The radius of convergence of Af at p e I is 
Ray{AI,p) := min(^/? , Hniinf |p/|fc!|)-i/'^') = min(^p , [lim^supd^ifc] |p)^/'''] . 

The second equahty follows from the fact that the sequence \k\\^/'' is convergent 
tow, and is bounded by max(|(7[i] |p, The presence of p in the minimum 

makes this definition invariant under change of basis in M. 

Theorem 1.6 (Transfer). For all p e I we have 

(1.2.4) Ray{M, p) =mm{ p , inf Ray{M,x)). 

Assume now that I = [0,p]. Then Ray{M, p) = min(/9, min^£f2jj.|<p i?a?/(Af, a;)). 
In particular Ray{AI, p) < min((0, Ray{M, 0)). 

Proof : Since for p = \x\ we have \g[s]{T)\p > \g[s]{x)\, hence by definition 
1.5, Ray{M,p) < mm{p, Ray{M, x)). Let tp £ he such that {x g | |a; — 
tp\ < p} n A" = 0, then \g[s]\p = \9[s]itp)\, for aU s > ([CR94, 9.1]), hence 
Ray{M,p) = min{p, Ray{M,tp)). The last assertion follows similarly. □ 

Lemma 1.7 (SmaU Radius). Let pel. Then 

(1.2.5) Ray{M, p) >Lop ■ Ynin{\,\g{T)\-p^). 

Moreover Ray[M, p) < cup if and only if \g{T)\p > 1, and in this case we have 

(1.2.6) Ray{M,p)^iop-\g{T)\-\ 

Proof : By induction on (1.2.2), \g[^]\p < max(p-\ \g[i]\py = p"''max(l, |g|p)^ 
(cf. (1.2.1)), and equality holds if |g[i]|p > p^^ ■ Then apply definition 1.5. □ 

Definition 1.8. M is called solvable at p e /, if Ray{M,p) = p. 

Theorem 1.9 ([CD94]). The map p i-^ Ray{M,p) : I ^ R> is continuous 
and locally of the form r ■ p^~^^ , for suitable r G M>, and /3 £ N. More precisely 
there exist a partition I = U„gz/„, sup/„ = inf /„_|_i, and two sequences {rn}n£Z, 
{/9n}nGZ, such that Pn G Z, Ray{M, p) = rnp'^^"+^\ ^ p e In, and (cf. 1.14) 

(1.2.7) /3„>/3„+i. 

Proof : The existence of the partition follows from the Small Radius Lemma 
1.7 and Theorem 1.24. For more details see [CM02, 8.6] and [CD94, 2.5]. □ 

Definition 1.10. We will call the property (1.2.7) the \og-concavity of the 
function p i-^ Ray{M, p). We will call /3„ the slope of M in the interior of /„. More 
generally if p = sup/„ = inf /„+!, we set sl~(M, p) := /3„ and sl'''(M, p) := [3n+i- 

Remark 1.11. The Taylor solution oi M®N is the product of the Taylor solu- 
tions of M and N. Hence, by 1.6, Ray{M®N, p) > m\\\{Ray{M, p), Ray{N, p)). If 
Ray{M, p) ^ Ray{N, p), then we have Ray{M®N, p) = mm{Ray{M, p), Ray{N, p)). 
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1.2.2. Solvability, Slopes and Irregularities. In this subsection, M is the 
rank one module over TZk, defined by dr + g{T), g{T) := '^i^^ ^ Ti-K- 

Lemma 1.12. There exists d > such that M is isomorphic to the module 
defined by dx + "^ly-d^i^^ ■ ^""^ other words there exists f{T) G TZ^ such that 
dT,logif) = E.<-d««^'- 

Proof: By hypothesis g(r) S ylxCl-e, for some e > 0. Then J2^_^„a.,T' /i G 
— £, ![)■ In particular hm^^-oo \ai/i\p^ = 0, for all p e]l — e, +oo[. Let d > 
be such that supj<_j;(|ai/i|p*) < w for a fixed p g]1— e, 1[. Then supj<_j^(|ai/i|p*) < 
Lo, for all p> p. Then /(T) exp(- X;,;<-d a.,Tyi) lies in TZk-O 

Definition 1.13. Let M be a differential module over TZr- The module M is 
called solvable if and only if limp^j- Ray{M, p) — 1. We will denote the category 
of solvable differential modules over TZk by MLS(7?,/f). 

Lemma 1.14. Let M G MLS{TZk) be defined in some basis by the operator 
dr - g{T), g{T) G TZk- Then 

(1) There exist < e < 1 and a last slope (3 := sP(7\/, 1) > such that 

(1.2.8) Ray{M,p) = p^+^ , for all p - e,l[ . 

(2) There exists e' such that |g(r)|p < 1, for all p g]1 — e', 1[. 

(3) If g(T) ~ Yl'^d^i^^ ' d> Q, then \a^d\ < w and, for p close to 0, 

(1.2.9) Ray{M,p)=uj\a^d\-^p''+\ 

(4) Moreover, if d > 0, and if |a_d| = w, then (3 = d. 

(5) lfd<0, then Ray{M,p) = p, for all p g]0, l\and (3 = Q. 

Proof : The slopes are positive natural numbers, hence the decreasing sequence 
{Pn\n becomes constant for n — > oo. Then [3 = min„gz{/3n}- The second assertion 
follows from the small radius lemma 1.7. Let now g{T) = X]i>-d with d > 0. 
We study the function p t-^ Ray{M, p)/ p. Let 

(1.2.10) i?(M,r) :=log(i?ay(M,p))-log(p) , r log(p) . 

Then R{M, r) < 0, for all r < 1, and the function r ^ R{M, r) : ]-oo, 1[ — >]-oo, 0] 
is of the following form 





log(w/|a_d|); 


i?(M, r) 


<- p 




r = log(p) 






~~~~--p-adic slope = /3 






ilog(w) 


Ismail radiusj, (j\ 



formal slope = d 



Since d > 0, one has |(?(r)|p = \a-.d\p^'^ > 1, for p close to 0. Hence, near 0, we can 
apply the Small Radius Lemma (cf. 1.15): we have Ray{M,p) = w|a_d|~^p'^~''^. 
Since limp^j^- Ray{M, p) = 1, hence by log-concavity and continuity, we must have 
wja-dl^^ > 1 (or equivalently log(a;/|a_d|) > as in the picture) and if \a-d\ — uj, 
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then, again by continuity and log-concavity, this graph is a Hne, and f3 = d. If 
d < 0, then \g{T)\p < 1, for aU p < 1, hence the Small Radius Lemma gives 
R{M,r) > log(tj) for all r < 0. Since R{M,r)-^ for r-^ (solvability), then by 
log-concavity and continuity this implies R{M, r) — 0, \/ r < 0. □ 

Remark 1.15. We maintain the notation of Lemma 1.14 part (3). We recall 
that sl^(A/, 0) ~ min(0, d) is equal to the classical formal slope Ittf{M) of M as 
ii'((T))-differential module (cf. [vdPSOS]). This is actually true in all ranks. 

Definition 1.16. Let M be a solvable rank one differential module over TZ. 
The p-adic irregularity of M is the natural number Irr(M) := sl~(iW, 1). 

Remark 1.17. If M is defined by an operator dr + g{T), g{T) = E^d^^^' ^ 
TZk, then by log-concavity and continuity we have Irri?(M) > Irr(Af). 

Definition 1.18. If K' / K is a finite extension, then we denote hy V\e'°\TlK') 
the group, under tensor product, of isomorphism classes of solvable rank one dif- 
ferential modules over TZk' ■ For all algebraic extensions H/K^ we set 

(1.2.11) Vid'°\nH) IJ Pic^°'(7^A■')• 

KGK'CH , K'/K finite 

Corollary 1.19. We have Irr(M® ^) < max(Irr(M), Irr(A^)), for all M, N e 
MLS(7^/^). Moreover the equality holds i/Irr(M) ^ Irr(iV). □ 

Proposition 1.20. Let dr ~ g{T), g{T) = E,ez"«^* ^ °' solvable 

differential equation. Then dr — g~{T), dr ~ ao, 9t — g^{T) are all solvable (cf. 

(1.2);. 



Proof : Let us call Mi 



1 — £,Oo] 5 



Mo, M[o_i[ the differential modules defined by 



dr - g~{T), dr - ao, dr - g+{T) respectively. Then M = M]i_^,oo] (8> Mq M[o,i[. 
By the Small Radius Lemma 1.7, the equation dr — g^{T) (resp. dr — g'^{T)) has a 
convergent solution at oo (rcsp. at 0), hence i?ay(M]i_£ o^j, p) = p, for large values 
of p and i?ay(M[o_i[, p) = p, for p close to 0. While Ray{AIo, p) — Rq ■ p, for all p 



(cf. 1.30). Hence the slopes of Mu 



(resp. M[o_i[, Mq) in the interval ]1 — £, 1[ 



are strictly positive (resp. strictly negative, resp. equal to 0) as in the picture (cf. 
(1.2.10)). 



fl(ST - 9{T),0). 
log{l-e) 



i?(M, r) 



r = log(p) 




Ismail raciiusj,' 



By 1.11, we have Ray{M,p) = \ai{Ray{M^i_^^^-^, p), Ray{M^Q^iy, p), Ray{Mfi, p)), 
for all 1 — e < p < 1, with the exception of a finite numbers of p. By conti- 
nuity of the radius, we have equality even for these isolated values of p. Since 
limp_,i- Ray{M, p) = 1, this implies Ray[M\Q i\^, p) = p for all p < 1, Ray[Mo, p) = 
p for all p, and i?a?;(Af]i_5 oo] , p) = P for all p > 1. □ 

The classification of the equations of the type dx ^ oq, ao G K, is well known 
(see 1.2.5), while the solvable equations of the form Ot — g^(T) are always trivial: 
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Proposition 1.21. Let dr -g+[T), g+{T) = Y.^>lO■^T^ e ^ff([0,l[) c Uk 
he solvable at 1^ (cf. 1.13). Let M he the module attached to dr ~ g^{T), then 

(1) We have g^{T) G TOniiT']]- Hence M comes, by scalar extension, from 
a differential module .Ajf[o.i[ over Oh[[T]]; 

(2) We have Ray{M[Q i[ , p) — p, for all p < 1; 

(3) M[o,i[ is trivial as OH[[T]]-module; 

(4) The exponential expi^^y-^OiT^ /i) lies in 1 +TOh[\T]]. 

Proof : We have \ai\ < 1, because the Smah Radius Lemma 1.7. Since dr — 
g~^{T) has a convergent solution at (namely this Taylor solution is exp(^^^j^ aiT'^/i)), 
then Ray{M[Q i[, p) ~ p for all p close to 0. Since limp_+i- i?ay(M[o.i[, p) = 1, then 
by log-concavity we must have i?ay(M[Q_x[, p) = p, for all p < 1. By the transfer 
Theorem 1.6 the Taylor solution exp(^^^j^ aiTYz) converges in the disk |r| < 1 
and belongs to Ojf [[T]] (because a non trivial solution of a differential equation has 
no zeros in its disk of convergence). □ 

Corollary 1.22. Every rank one solvable differential module over TZk has a 
basis in which the matrix lies in Ok[T~^]. 

Proof : By 1.21 there exists a basis in which the matrix lies in TZk f^OK[[T^^]]. 
The base change matrix to obtain this basis is an exponential convergent in [0, 1[. 
Now, by 1.12 we recover the good basis. This last base change matrix is again an 
exponential convergent in ]1 — e, cx3[.n 

1.2.3. Frobenius structure and p-th ramification. 

Definition 1.23. An absolute Frobenius on K is a Qp-endomorphism a : ^ 
K such that \a{x) ~ x^] <l, for aU x G Or- 

If an absolute Frobenius a : K ^ K is given, an absolute Frobenius on TZk is then 
a continuous cndomorphism of rings (p : TZk TZk extending a, and such that 

(1.2.12) (p(T) - T'P = ^a,(p)T* , with \a^{Lp)\ < 1 for alH e Z , a,(^) £ K . 

By continuity tp is given by a and by the choice of <p(^)- Namely if we set 
iJ2a,TY ■.= Y.'^{a,)T\ then p(/(T)) = /"(^^(T)), for all / G TZk. The simplest 
absolute Frobenius is given by the choice p(T) = and we denote it by ip„. 

Let (p : 7^ — > 7?, be an absolute Frobenius. By scalar extension (and change 
of derivation), we have a functor: (p* : MhC[TZ) MLC(7e). If M e UhG[TZ) is 
defined by the operator dr — g{T), then <p*(M) is defined by the operator dr — 
{dT,iog{v{T)) ■ g" {i.p{T))) . The isomorphism class of p*(M) does not depend on the 
choice of (p (cf. [CM02, 7.1]). 

1.2.4. p-th ramification. Let a be an absolute Frobenius on K. For all an- 
alytic functions f{T) := J2,arT' G Ail), we set (Pp(/(T)) := /(T?). Observe 
that (fp is not an absolute Frobenius. We set ipa{f{T)) := f^iPP). The p-th 
ramification map (pp : A{LP) A{I) defines, as before, a functor denoted by 
<p; : MhCiAKin) MLC(^k(/)). 

Theorem 1.24 ([CM02]). Let M e MLC(^j^(/p)). Then for all p e I 

Ray{ip^{M),p) = Ray{(pp{M),p) > pmm(^(^ — j , \p\ — J, 

and equality holds if Ray[M, p) ^ to^p. 
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Proof : Since f{T) ^ f^iT) is an isometry, we have the first equaUty. The 
second one foUows from a quite complex, but elementary, explicit computation. □ 

Example 1.25. The radius of the operator Dt — 1/p is equal to uj\p\p = uj^p 
(cf. 1.7), but its image by Frobenius is the trivial module. 

Corollary 1.26. Let M e MLS{TZk), let ip : TZk — > Tlx be an absolute 
Frobenius, then sr(v?*(M), 1) sP (M, 1). □ 

Definition 1.27 (Frobenius structure). Let AI be a module over TZk. We will 
say that M has a Frobenius structure of order h, if M is isomorphic to {(p*)^{M). 

Remark 1.28. If M has a Frobenius structure, then it is solvable by Theorem 
1.24 applied to "antecedents" of Af. (see [CM02, 8.6 and 7.7 infra]). 

Remark 1.29. By equation 1.24 we have lTi{ip*{M)) = Irr((p*(A/)) = Irr(A/). 

1.2.5. Moderate characters. Let G K. We denote by M(ao, 0) the module 
defined by the constant operator Ot — oq (cf. 1.2). We will call moderate every 
solvable differential module (over TZk) of the form M(ao,0). By [Rob85, 5.4], 
M(ao, 0) is solvable if and only if oq € Zp. Moreover the equation dT.\og{f{T)) ~ oq 
has a solution f{T) G TZ^ if and only if oq G and in this case f{T) = T°". 
This shows that the group under tensor product of moderate differential modules 
is isomorphic to Zp/Z. On the other hand it is well known that an M(ao, 0) has a 
Frobenius structure if and only if oq G Z(p) . 

Lemma 1.30. Let a{ao) := limsupj,(|ao(ao — l)(ao — 2) • ■ • (ag — s + 1)| ~). Then 
Ray{M{ao, 0), p) ~ p ■ Ro < p, for all p > 0, with Rq := min(l, uj ■ a{ao)^^). 

Proof : A direct computation gives g[s]iT) ~ as{aQ)T~^ , with ag{aQ) := 
ao{ao - 1) • ■ • (ao - s + 1) (cf.(1.2.1)). Then apply 1.5.0 

1.3. Notations on Witt Vectors and covectors. Let i? be a ring. Nota- 
tions concerning the ring W(i?) of Witt vectors will follow [Bou83a], except for 
the indexation "m" of the ring Wm(-R) of Witt vector of finite length. We set 
Wm{R) ■■= W(i?)/V"'+iW(i?) (see 1.3.1). We denote by 

(1.3.1) 0„ := (/)„(Xo, . . . ,X„) := Xf + pxf + ■ ■ • +p"X„ 

the Witt polynomial. Vectors in R^ and in will be distinguished from Witt 

vectors by the notation {(f>Q,(f)i, . . .) instead of (0o,02j---)- For all Witt vector 
r = (ro,ri,...) G W(i?), the vector 0(r) = ((/)o(ro), (/)i(ro, ri), . . .) is called the 
phantom vector of r. The map r i— > (j){r) : W(i?) R^ is a ring morphism. 

Lemma 1.31 ([Bou83a, Lemme 3 §1,7V°2]). Let X ^ ^(A) : W(i?) ^ R^ be 
the phantom component map. If p G R is not a zero divisor, then (j) is injective. If 
p G R is invertible then <j) is bijective. □ 

Lemma 1.32 ([Bou83a, Lemme 2 §1, iV"2]). Leta : R^ Rbe a ring morphism 
satisfying a{a) = (mod pR), for all a G R. Then a vector {ipg, . . . , (/)„) G 
is the phantom vector of a Witt vector if and only if 

(1.3.2) (pi = cr((/)i_i) mod p^R , for all i = 1, . . . ,m . □ 

Remark 1.33. All assertions concerning relations between Witt vectors or 
properties of 7r-exponentials (sec below) will be proved by translating these relations 
or properties in terms of phantom components. 
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1.3.1. Frobenius and Verschiebung. We denote by F : W(i?) W(i?) and 
V : W(i?) W(i?) the usual Frobenius and Verschiebung morphisms. We denote 
again by F : W„+i(i?) W™(i?), V : W™(i?) ^ W,„4.i(i?) the reduction of 
F and V to Wm(i?). We have again FV(r) = p ■ r in Wm(i?). We recall that 
(j>(V{ro,ri, ...)) = {O,p(j>o,p(l)i, . . .) and 0(F(ro,ri, ...)) = (0i, 02, • ■ •)• 

If i? has characteristic p, then F(ro, ri, . . .) = (^q, r^, . . .). Hence it is possible 
to reduce the morphism F of W(i?) to a morphism of Wm(i?) into itself, by setting 
F(ro, . . . , r,„) = (rg, . . . , rP^). We denote this morphism by F : W,„(i?) ^ W,„(i?). 

1.3.2. Completeness. Let i? be a topological ring. We identify topologically 
Wm{R) with via the function (rg, . . . , r^) i-^ (ro, . . . , r-m). The operations 
on Wm(i?) are continuous, because defined by polynomials. 

Lemma 1.34. If R has a basis Ur of neighborhood of formed by ideals, then 
R is complete if and only i/ Wm(i?) is complete for all m > 0. 

Proof : It is evident for m = 0. Let m > 1 and {r„}„, r,i := {rn.o, ■ ■ ■ ,''n,m), 
be a Cauchy sequence in Wm(i?). The sequence ro.„ is Cauchy in R and we 
denote tq := lim„ ro,n- The translate sequence r^^ := r„ — (ro, 0, . . . , 0) is Cauchy, 
so we can suppose tq = 0. For every ideal / e Un there exists nj such that 
,rii,n2, , ■ ■ ■ , '5'm, 711,712) G AVm(i^), for all Til, 712 ^ Let us write 
Si,m.n2 = ri^,i - ri^,i + ^'(^\i,0' ^n^.o)- % [Bou83a, §1 n°3 a)] the polynomial 
Sk,ni,n2 is isobaric without constant term. Since r^^Q G I, for n > rij, sufficiently 
large and since / is an ideal, hence r^^ i — r^^ G /, for all ni,n2 > rij. So 
the sequence is Cauchy and converges to ri G i?. Moreover the sequence 
•= ''n ~ (0, ^1, 0, • • • ' 0) is such that both r^^ q and r^^ ^ go to 0. This process can 
be iterated indefinitely. □ 

Corollary 1.35. // {R, |.|) is an ultrametric valued ring, then R is complete 
if and only ifW^niR) is complete for all m > 0. 

1.3.3. Length. Let i? be a ring of characteristic p. If the vector r € Wm(-R) 
is such that tq = . . . = rk-i = and ^ 0, then we define the length of r as 
£{r) := m — k, and ^(0) := —00. If R is not of characteristic p, then we will define 
£{r) as the length of the image of r in Wm(i?/pi?). 

1.3.4. Covectors. We recall that the covectors module CW(i?) is the addi- 
tive group defined by the following inductive limit ([Bou83a, §1 ex. 23 pag.47]): 

CW(i?) := lim(Wm(i?) W,„_|_i(i?) ^ ■ ■ ■). In the sequel we must work with a 
slightly different sequence. Let i? be a ring of characteristic p. Then VF = FV and 
VF(ro, . . . , Tm) = (0, Tq, . . . , rP^). Let CW(i?) be the following inductive limit: 

(1.3.3) CW{R) := lim(W„(i?) W„+i(i?) ^■■■). 

If i? is a perfect field of characteristic p, then CW(i?) is isomorphic to CW(i?). 
This results from the following commutative diagram: 

(1.3.4) ji^L^Wi{R)^^W2{R)^^ ^CW{R) 



o 







jl ^ Wi(i?) W^iR) CW(i?) . 

Remark 1.36. If i? is a field of characteristic p, then CW(i?) = CW{Rp). 
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1.4. Notations in Artin-Schreier theory. 

Definition 1.37. Let i? be a field of characteristic p > and let R^°^/R 
be a fixed separable closure of R. We denote by = Gal{R^'^^ / R) . If i? is a 
complete discrete valuation field, we denote by Ij^ the inertia group and by Vr the 
pro— p-sylow subgroup of Ir. 

We have H^(Gfl,, Z/p™Z) ^ Honi™"'(Gi?, Z/p"Z) (cf. [Ser62, Ch.X, §3]). 
The situation is then expressed by the following commutative diagram: 
(1.4.1) 

^ Z/p^+^Z ^ W„(ii;) ^— I-^ W,„(i?) Hom™"'(GH,Z/p'"+iZ) ^ 



^ Z/p'"+2z ^ W„+i(H) ^ W„ + i(_R) ^ Hom'^°"'(GH,Z/p'"+^Z) ^ 

where z : 1 i— > p is the usual inclusion, and j is the composition with i. For 
A S W„j(i?), the character a = S{X) sends the automorphism 7 to the element 
a{j) :~ 7(1^) — I' G Z/p'"+^Z, where 1/ € R^^p is a solution of the equation F(i>') — 
u = \. Taking the inductive limit, we get the following exact sequence: 

(1.4.2) ^ Qp/Zp ^ CW(i?) CW(i?) ^ Hon/°"'(Gi?, Qp/Zp) ^ , 

where the word "cont" means that all characters G^j — > Qp/Zp factorize on a 
finite quotient of G^. Indeed lim Hom(Gfl, Z/p'^Z) can be seen as the subset of 
Hom(G/f, Qp/Zp) formed by the elements killed by a power of p. 

Remark 1.38. If the vertical arrows V arc replaced by VF in the diagram 
(1.4.1), then the morphisms i and j remain the same. Indeed S{\) = J(F(A)), 
because F(A) = A + (F — 1)(A), for all A e Ws(i?). Hence we have also 

(1.4.3) ^ Qp/Zp ^ CW{R) CW{R) Hom™"'(Gfl, Qp/Zp) ^ . 

Remark 1.39. Let A = (Aq, . . . , A™) e W,„(i?). The kernel of a := (5(A) is the 
subgroup of G_R whose corresponding extension field is R{{i^o, ■ ■ ■ , i^m}), (i-e. the 
smallest field containing the set {i^o, ■ ■ ■ , '^m}), where v = {vq, • ■ • , t'm) £ Wm(i?''°P) 
is solution of F(i>') — !>< = A. All cyclic separable extensions of R, whose degree is a 
power of p, are of this form for a suitable to > 0, and A. 

1.4.1. Let K be a field of characteristic p > 0, and let R := K{{t)). The Galois 
group of an abelian extension of K{{t)) is the product of its p-torsion part (controlled 
by the Artin-Schreier theory) and its moderate part (controlled by Kummer theory). 

Definition 1.40. WesetP(K) := Hom™"'(Pfl, Qp/Zp) = Hom™"*(Xi?, Qp/Zp). 

Remark 1.41. We will see that P(k) ^ (F-^i]^w(t-'*Mt-i]) ■ "^^^^^ S™^P 
scribes the abelianization of the pro-p-Sylow of the quotient Vr. On the other 
hand CW(k)/(F - 1)CW(k) = Hom"°"'(Gfl72:ii, Qp/Zp). 

1.5. Notations in Lubin-Tate theory. For notations and results on Lubin- 
Tate theory we refer to [LT65]. In this paper we will treat only Lubin-Tate groups 
over the field Qp. We recall briefiy only the facts used in this paper. Let w := 
p ■ u € p'Zp, u £ Zp , be a uniformizing element. Let be the family of formal 
power series P{X) G Zp[[X]] satisfying 

(1.5.1) P(A)=wA: (mod A:2Zp[[A:]]) , P{X) = XP (mod wZp[[A]]). 



16 



ANDREA PULITA JUNE 2005 



A series in will be called a Luhin-Tate series. For all P G J'w, there ex- 
ists a unique formal group law &p{X,Y) G Zp[[X,y]] such that P{<&p{X,Y)) = 
©p(P(X),P(r)) (i.e. P{X) is an cndomorphism of 0p(X,y)). 

Lemma 1.42. Let P, P For all a E Zp there exists a unique formal series 

[a\pp{X) G Zp[[X]] such that 

(1) [a]pp{X) = aX (mod X^Zp[[X]]), 

(2) [a]^;^(©p(X,y)) = &p{[a]pp{X), [a]pp{Y)). 
In other words [a\pp{X) is a morphism of group laws. □ 

We set [a]p(X) :— [a]pp(X). By the uniqueness, we have that P{X) = 
[w]p{X). The setting x *y := (5p(a;, y) defines a new group law on pK, denoted by 
©p(Pk)- Let denote the series P o P o • ■ • o P, fc-times. Following [LT65] let 

(1.5.2) Ap,,„ = Ker(p(")) ^ Ker([w"]p) ^ {x e Cp \ P^"'\x) ^ and \x\ < 1} 

be the set of [w]'"-torsion points of ©p(pCp), and Ap := UmAp.,„. We have Ap C 
Qp'^. Moreover Qp(Ap.,„)/Qp is Galois and depend only on w. The formal group 
law 25 makes Ap.,„ a group. 

Theorem 1.43 ([LT65, Th.2]). We haue the following properties: 

(1) We have A^^ ^ Z/p™Z, for all m > 0, and then Ap = Qp/Zp. 

(2) Let 7 G Gal(Qp(Ap)/(Qp). There exists an unique unit G Zp such that 

^{x) = [u.y\p{x) , Vx G Ap. 

(3) The map ^ Uj is an isomorphism o/ Gal(Qp(Ap)/(Qp) onto the group 
Zp . The same map gives an isomorphism 

Gal(Qp(Ap)/Qp(Ap,„0) ^ 1 + w™Zp , V m > 1. 

(4) Let u e Z^, then [u]p{x) = (u"\ Qp(Ap,,„)/(Qp)(x), /or all x G Ap,„, 
where {u^^ ,Qp{Ap^m)/Qp) G Gal(Qp(Ap)/Qp) js t/ie norm residue sym- 
bol. 

Remark 1.44. The simplest Lubin-Tate series is P{X) = wA + X^. If w = p, 
then a non trivial zero ttq of P is the "tt" of Dwork. If again w = p and P(A) ~ 
(A + 1)^" — 1, then ©p = G,„, and all torsion points are of the form ^ — 1, with 

~ 1, for some fc > 0. This was the choice made by Matsuda [Mat95]. 

Theorem 1.45 ([Haz78, Prop. 8.3.22]). Let© and© he two Lubin-Tate groups 
relative to the uniformizers w and w respectively. Then © is isomorphic to & (as 
formal groups over Zp) if and only i/w = w. □ 

1.5.1. Tate module. The multiplication by [w]p sends A^ into A^-i- The 
Tate module of ©p is, by definition, T(©p) := lim Ap^. A generator tt = 
(7rpj)j>o of the Tate module T(©p) is a sequence (7rp.j)j>o, t^j G Ap, such that 
PiT^p.o) = 0, 7rp_o 7^ and P{'Kpj+i) = npj, for all j > 0. If no confusion is 
possible, we will write tTj instead of ttpj. The Newton polygon of P shows that P 
has exactly p — 1 non trivial zeros of value uj = \p\ , and inductively P{X) — ttj^i 

has p zeros of valuation lo~ . Hence |7rj| = w^/^^, for all j > 0, and the Galois 
extension Qp(Ap_m) = Qp{T^m-i) is totally ramified. On the other hand the field 
i4r(7r„i_i) is not always totally ramified. 
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Definition 1.46. We set Km := A'(7rm) (resp. i^(Ap)), and denote by km 
(resp. few) its residue field. Moreover, if w = p, we put Koo K{Ap) and fcoo := kp. 
For all algebraic extensions L/K, Loo will be the smallest field containing L and 

Example 1.47. If P{X) = {X + 1)p - 1, then <&p = G,„, and A,„ = - 
1 I ^Pj" = 1} is the set of p'"-th root of 1. A generator of T(Gm) is a family 
(0 - l)j>o satisfying = for aU < i < j. 

Definition 1.48. Let P,PeSw be two Lubin-Tate series. We will say that 
X £ Ap and y G Ap are equivalent if ?/ = [l]pp(2;) (cf- 1.42). 

Remark 1.49. Since [l]pp(x) = x + (things divisible by x^), it follows that 
\x — [l]pp(-'z;)| < |a;|^- In particular, if w = p and if 7r„i is fixed, then there exists a 
unique p"^^^-th root of 1, say ^m, such that \{^m ^ 1) ~ T^ml < (cf. 1.44). 



2. TT-exponentials and applications 

2.1. Construction of Witt vectors. Let P{X) e Zp[[A"]] be a series, with 
P(0) = 0, satisfying 

(2.1.1) P{X) = X'P modpZp[[A:]]. 

We consider the Frobenius ap : 'Zp[[X]] 'Zp[[X]] given by (Tp{h{X)) := h{P{X)). 
Lemma 2.1 ([Bou83a, Ch.IX,§l,ex.l4,a)]). There is a unique ring morphism 

(2.1.2) [-] : Zp[[X]] W(Z,[[X]]) 

h[X)^[h(X)] 

such that o [— ] = (Tp. In other words, for all h{X) £ Zp[[X]], the Witt vector 
[h{X)] is the unique one whose phantom vector is equal to 

(2.1.3) {h{X), h{P{X)), h{P{P{X))), ...). 
Moreover [—] is also the unique ring morphism satisfying the relation 

(2.1.4) n[h{X)]) = [h{P{X))]. 

Proof : By Lemma 1.32, the ring morphism h{X) i— > {h{X), h{P{X)), . . .) : 
1p[[X]] {Zp[[X]]f has its values in the image of the phantom component map 
(j> : W(Zp[[Ar]]) ^ (Zp[[A"]])^. Since, by 1.31, is injective, the lemma is proved. 
□ 

Definition 2.2. Let B be a complete topologized Zp-ring, and let 6 G B be a 
topologically nilpotent element. The specialization X i-^ b : Zp[[A"]] — > B provides, 
by funtoriality, a morphism W(Zp[[A']]) W(B). For brevity, we denote by [h{b)] 
the image of h(X) via the morphism 

(2.1.5) Zp[[X]] W{Zp[[X]]) ^ W(B). 
We will denote again by [h{b)] its image in W„i(B). 
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Remark 2.3. The phantom vector of [h{b)] is 

(2.1.6) {h{b), hiP{b)), HPipm, ...). 

In general there is no morphism Zp[fe] W(B) sending h{b) into the 
notation [h{b)] is imprecise, but more handy. 

Lemma 2.4 (key lemma). Let (B, |.|) be a lip-ring, complete with respect to an 
absolute value \.\, extending the absolute value of Zp. Let h{X) = X]i>o ^ 
Zp[[X]], and let [h{b)] = (Ao,Ai,...) £ W(B), with \b\ < 1. Then the following 
statements are equivalent: 

(1) iaoi = \pr , 

(2) |Ao|, . . . , |Ar-i| < 1, and |Ar| = 1. 

Proof : Let A ~ (Aq, Ai, . . .) ~ [h{b)]. We denote by B the residue field. The 
condition (2) is equivalent to Xr ^ 0, and A^ = 0, for all i < r, or. if A: > is 

— k — j-,^ 

given, it is equivalent to A^ 7^ 0, and A^ = 0, for all i < r. This last condition is 
equivalent to the condition (2) for the vector F'^(A). Now the phantom vector of 
F'=(A) is (/i(pW(6)),/i(p('=+i'(6)),...) (cf. L5). Moreover \P{b)\ < sup {\b\P , \p\\b\) , 
hence, for all e > 0, there exists fc > such that \P^'^\b)\ < e, for all i > k. If e 
is small enough, then |/i(p(*^ (6))| = |ao|, for all i > k. Let (t'o, 1^1, . . .) := F'^(A), 
then, since p'l'j = h{P'^^\b)) — {v^ + • • • + p'^^v^j_i), we see, by induction, that 
|ao| = \pY' if and only if \vr\ = 1 and \iyj \ = \p\^^^, for all j < r — !.□ 

Definition 2.5. We fix now a sequence -ccr {'^j}j>o in Qf^ satisfying 
{zuol < 1, P{zuq) = 0, and P{mj+i) = Wj, for all j > 1. 

Remark 2.6. The ring Zp[tu,„] is complete, for all m > 0. Indeed is 
algebraic and integral over Zp, hence Zp[w.fn\ is a free module over Zp. 

Remark 2.7. If P is a Lubin-Tate series, and if zuq ^ 0, then -ccr is a generator 
of the Tate module T(©p), while if P{X) = Xp mod XP+^Zp[[X]], then tjjj = 
for all j > 0. Observe that, taking h{T) T and b :— Wm in the lemma 
2.1, then [vj„i] G 'W{'Lp[vj„i]) is the unique Witt vector whose phantom vector 
is {wrm t^m-i, . . . , '^0, 0, . . .). The uniqueness follows from the injectivity of the 
phantom map : W(Zp[n7m]) '-^ (Zp[ti7„i])'*^. 

Proposition 2.8. For all 'Lp[wm]-algebra B of characteristic 

(2.1.7) N,]W(B) C [n7,+i]W(B) , j = 0, . . . , m - 1 . 
Moreover, for all A G W(B), and all j ~ 0, . . . ,m — I 

(2.1.8) F(K+i]) = [^,] ; V(K].A)==[^,+i].V(A). 

Hence F{[vUj+i]W{B)) C K]W(B) and V{[wj]W{B)) C [tJ7j+i]W(B). 

// now tuo 7^ 0, then the kernel of the morphism A [zUm]^ is the ideal 
V'"+iW(B). The induced morphism Wm(B) — > W(B) is a functorial isomorphism 
of W„i(B) into the ideal [■ci7,„]W(B) (as 'W{Q) -modules), which commutes with 
V : W™(B) ^ W„+i(B) and F : W„,+i(B) ^ W™(B) 

(2.1.9) W(B) ^""'"'"i^ w(B) 



W,„(B)^^[tu,,„].W(B) . 
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Proof: Let h{X) := P{X)/X, then [wj]X = [P{njj+i)]\ = [n7j+r/i(n7j+i)]A = 
[n7j-|-i] • [h{mj+i)]X. This shows the inclusion (2.1.7). AU other assertions are easily 
verified on the phantom components. □ 

Corollary 2.9. Let {4>q, . . . , (/),„) G Zp[ra7m]™+^. If there exists a formal series 
- Y.^>oa,X' e 1p[[X]] satisfying 

(2.1.10) h{vum-j) = , for all < j < m, 

then (00, • ■ • , 4>m) is the phantom vector of [h{iUm)] (i^o, • ■ • , t^m) G Wm(Zp[n7m]). 
Moreover, \ao\ = \p\^ , for some r > 0, if and only if\i^o\, . . . , jj^r-il < 1 and ji^rl = 1- 
□ 

2.1.1. Artin-Hasse exponential and Robba exponentials. 
Definition 2.10 ([Bou83a, ex.58]). Let B be a Z(p)-ring, and let 

rpp rpp^ 

(2.1.11) EiT) :=exp(r+ — + -^ + ...) e l + rZ(p)[[T]] . 

For all A := (Aq, Ai, . . .) £ W(B), the Artin-Hasse exponential relative to A is 
(2.1.12) 

Fix, T) := TT E{\, -TP')^ exp(0oT + 0i— + 02— + -- -)el + rB[[r]] , 

where (0o, 4>It ■ ■) is the phantom vector of A. 

Remark 2.11. The Artin-Hasse exponential is then a group morphism 

(2.1.13) i;(-,T) : W(B) ^ 1 +TB[[T]], 
functorial on the Z(p-)-ring B. 

Proposition 2.12. Let [wm] e W(Zp[ti7,„]) be as in 2.5. The exponential 

rpp rpp"^ 

(2.1.14) E^{T) :=i;([w™],r) = exp(w™r + n7„_i— + ---+W0 — ) 

p p'" 

converges exactly in the disk \T\ < 1, for all m > 0, if and only if P{X) is a 
Lubin-Tate series, and va :~ (wj)j>Q is a generator of the Tate module T(©p). 

Proof : Assume that the radius of convergence of E{\vJm\,T) is equal to 1, 
for all m > 0. Then, for to = 0, the radius of convergence of exp(ct7oT) is 1, hence 
I Wo I = Lu. The Newton polygon of P{X) impHes that P{X) = wX mod XZp[[A:]], 
for some w, with |w| = hence P{X) is a Lubin-Tate series. Conversely, assume 
that P{X) is a Lubin-Tate series, and that -oj := {vjj)j>Q is a generator of T(0p). 
Consider the differential operator L := dr + vjmT^^ + Wm-iT^'P + • • • + vjoT^''"' . 
Then Em{T~^) is the Taylor solution at +cx3 of L. Since \w[)\ = oj, by Lemma 1.14, 
we have Ray{L, p) = , for all p < 1. In particular, the irregularity of L is p™. 

Then Em{T~^) is not convergent for |r| < 1, because otherwise, by transfer at oo, 
EmiT-^) e 7^, and L wiU be trivial. □ 

Theorem 2.13. Let P{X) = wX + • • • be a Lubin-Tate series, and let -nj := 
(•n7j)j>o be a generator o/T(©). Then the formal series EmiT^) / Em{T) is over- 
convergent (i.e. convergent for \T\ < 1 + e, for some e > 0) if and only if 

iw-pi<br+^ 
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In particular, Em{T^) / Em{T) is over- convergent for all m > if and only if (5p 
is isomorphic to the formal multiplicative group Gm (cf. Theorem 1.4-5). 

Proof : This Theorem wih follow easily from the theory of 7r-exponentials (cf. 
the proof of 2.28 infra), and is placed here for expository reasons. □ 

2.2. TT-exponentials. We maintain the notations of Section 2.1. In this sec- 
tion we fix a mriformizing element w of Zp, a Qp-Lubin-Tate series P G Zp[[X]], 
P G ^w, and a generator tt = (7rj)j>o of the Tate module. We fix three natural 
numbers n, to, d such that 

(2.2.1) d = n-p™>0, and(n,p) = l. 

Definition 2.14. Let B be a Zp[7r„j] -algebra. Let A — (Ao, . . . , A,„) G W,„(B), 
and let (0o, ■ • ■ , 'Pm) € B™"*"^ be its phantom vector. We set 

(2.2.2) e<j(A,r) :=^([^JA,T") = exp(7r„0or" + 7r„_i0i — + --- + 7ro(/.™^) . 

We will call eci(A,T) G 1 + 7r„irB[[r]] the -n- exponential attached to A. 
Proposition 2.15. The map A ^ ed(A,T) defines a group morphism 

(2.2.3) W„,(B) ^ l + 7r„,rB[[r]] . 
Moreover^ for all A, G W„i(B)^ we have 

(2.2.4) e,(A,T) = n^^m-.(A,r"P^'), 

E„,{T) = ep..((l,0,...,0),r) , ed(A,r) = ep..(A,r"), 

erf(A,TP) = ep.rf(V(A),T) , ed{\ + u,T) ^ Cd{X,T) ■ ca{v ,T) . 

Furthermore, ifJi — Ol is the ring of integers of some finite extension L/K, and 
if, for some r > \, there exists a Frobenius a on Ol lifting the p^-th power map 
X ^ x^ of JtL, and satisfying o'{'Kj) ~ ttj , V < j < m, then we have 

(2.2.5) e2(A,r) = e,(a(A),r) , 

where cr(Ao, . . . , Am) = (ct(Ao), . . . , ^(Am)) and, for all f{T) = Y^aiT^, we set 
f-{T) = Y.a{a,)T^ (cf 1.2.4). 

Proof : All the assertions are easily verified on the phantom components. □ 
2.2.1. Study of the differential module attached to a -exponential. 

We maintain the notations of Section 2.2. As usual d = np™ > 0, with {n,p) = 1. 
In this subsection H / K is an algebraic extension (not necessary complete) and 

(2.2.6) H^~H{7:m)- 

Remark 2.16. The Witt vectors we are considering have a finite number of 
entries. Hence the exponential ed(A, T) has its coefficients ma, finite (thus complete) 
extension of K. This will solve all problems concerning convergence. 

Definition 2.17. Let A = (Ao, . . . , A™) G W,„(Oh), and let (0o, ■ • ■ , 0m) e 
O^'^^ be its phantom vector. We define 

m 

Ld(A) dr ~ aT,iog(ed(A, p-')) = 5t + n • (^ 7r„_, • 0, • T^^p') . 

We denote by Md(A) the differential module over TZh^^ defined by Ld(A). 
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Lemma 2.18. Ld(A) is solvable at p = 1, and hence Md{X) £ Fic^°^{TiH„J- 

Proof: The Taylor solution at +00 of Ld(A) is ed(A, T^i) e I+tt^T-iO^^^ [[T^^]], 
which has bounded coefficients and so converges for |T| > 1. By transfer (cf. 1.6), 
Ray(Ld{X), p) = p, for all p > \. By continuity of the radius, i?ay(Ld(A), 1) = l.D 

Proposition 2.19. The map A 1— > Cd(A,T^^) defines a group morphism 

(2.2.7) W,„(Oh) 1 + 7r„,r-i0H„ [[T-i]] . 
More precisely, for all X,u E Wm(C'ff), one has: 

(2.2.8) ip;{Md{X)) = Mpd(V(A)) , Md(A + 1/) = Md(A) Mrf(/y) , 

where ipp{ f{T)) = fiT^) (cf. 1.2.4)- Moreover, if there exists an absolute Frobenius 
a on Hm (cf. 1.23) such that ttJ = ttj, for all < j < m, then 

^M\T)) = c,(^,(A),TP) , ^;(Mrf(A)) = Mprf(V(a(A))) , 

where ipMiT)) ^ r{TP), (cf 1.2.3), and a(Ao, . . . , A™) = ((7(Ao), . . . , (7(A™)). 

Proof : The first part is a direct consequence of 2.15. The last assertion is 
a consequence of 2.27 and is placed here for expository reasons. Observe that, in 
the sequel, we do not suppose the existence of a on H . Indeed, our "Frobenius 
structure Theorem" does not require the existence of Lp (cf. 2.30). □ 

Remark 2.20. In particular M^; defines a morphism of groups 

(2.2.9) Mrf : W™(Oh) ^ Vic'^'iTlnJ . 

Theorem 2.21. Let A (Ao,...,Am) e W„(0//) and let ((?!)o, (/>,„) G 
O^^^ be its phantom vector. The following assertions are equivalent: 

(1) M(i(A) is trivial (i.e. isomorphic to TZh,^),' 

(2) The exponential ed{X.,T) is over-convergent (i.e. convergent in some disk 
\T\ <l + e, with e>0); 

(3) |Ao|,...,|A,„| < 1. 

Moreover, if \Xq\,. . . , |Ar_i| < 1 and |A,| = 1, r < m, then we have (cf. 1.3.3) 

(2.2.10) Irr(Md(A)) = n ■ /^^^ = d/p'' . 

Proof : The equivalence (1) <^ (2) is evident. By (2.2.4) and 2.12, condition 
(3) implies that ed(A,r-i) G 7^i^,„, so Mrf(A) is trivial. The converse follows from 
the last assertion below. Let then |Ao|, . . . , |Ar-i| < 1, and \\r \ ~ 1, r < m. Clearly 
|</,^(A)| = 1 if and only if |Ao| = 1 (cf. (1.3.1)). Then, if r = 0, we can apply 1.14, 
and hence Irr(M) = Irr i?(Af) = d. Let now < r < m, then Em-j{XjT~P ) 
belongs to TZ^ , for all j = 0, . . . , r — 1. Then we change basis by the function 
f{T) Hj^o E,n-j{>^jT~P')-^ e 7^^^. By 2.15, the new solution is 

(2.2.11) /(T) • Cd(A, T) = e4(0, . . . , 0, A„ . . . , A™), T) = e<i/p.((A., . . . , A^), T^"). 

In other words, we have Md{Xo, ■ ■ ■ , Am) — > 'Ppi^d/p^iK, ■ ■ ■ , Am)) (cf. 1.2.4 and 
(2.2.8)). By 1.29, the Theorem is proved by induction, since |Ar| = l.D 
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Remark 2.22. In particular, passes to the quotient Wmikn), and induces 
an injective additive map called M^: 

(2.2.12) W„(Oh) Pic'°\TZHj 

-r 

W„(fca) 

Corollary 2.23. Consider the morphism of groups 

(2.2.13) ^ W,„(Zp[7r,„]) C W,„(Oh,J ^ Pic^°l(7^H,J. 

Let h{X) := J2i>o'^i-^^ '= ^pll"''^]] smc/i that \ao\ = Ipl*" (t'p(ao) = r). Then 
Mdi[h{TTm)]) has irregularity d/p^ , and is trivial if and only if r > m + I. In other 
words, the kernel of the composite map is the ideal p™~^^'Zp[[X]] + XZp[[X]]. 

Proof : Combine 2.9 and 2.21.0 

2.2.2. Dependence on the Lubin-Tate group and on tv. We maintain the 
notations of the previous sections. As usual d = np"^ > 0, {n,p) = 1. 

Theorem 2.24 (Dependence on the choice of tt). Let tt = {TTj)j>o, tt' = 
i'^j)j>o ^2 two generators ofT{&p). Denote by Mjj(— ), E'j{T) and e'^{~,T) the 
construetions attached to tt'. Then Mrf(l, 0, . . . , 0) and M'^(l, 0, . . . , 0) are isomor- 
phic overTtHm if and only if i^rn ~ '^'m- Moreover, in this case, Mdi^) o.nd M^(A) 
are isomorphic over 7^i/„, for all A G 'W„i{kjj) . 

Proof : The solution at oo of TZh,^ is ed((l, 0, . . . , 0), T"!) = Em{T-''). We 
shall show that Em.(T-") / E',„{T~'') £ W , that is E„,{T-^) / E'„^{T-^) e 7^^, if 
and only if 7r,„ = 7r^„ . We have 

(2.2.14) ij„(r-i)/i?:„(r-i)=exp(^^„_,(l-^)^) . 

There exists 7 e Gal(Qp(Ap)/Qp) such that tt^- = 7(7rj), for all j > and, by the 
Lubin-Tate Theorem 1.43, 7(7rj) = [u^]p{-Kj), G Z^. We set ^ 

(2.2.15) h^{X) := 1 - [u-y]p{X) / X , 
in order to have 

(2.2.16) ii;,„(r-i)/i?;„(r-i) = ed([/i^(7r,„)],T-i). 

Indeed, by construction (cf. corollary 2.9 and definition (2.2.2)), we have 4>j{[h^{'Km)]) = 
1 — TT'^_j/TTm-j- Since /i-y(O) = 1 — u-y, hence, by the Reduction Theorem 2.21 and 
lemma 2.23, the series £;™(T-i)/i;;„(r-i) lies in if and only if II-m^-I < |pr+\ 
i.e. G 1 Then, again by the reciprocity law 1.43, the automorphism 

7 is the identity on Qp{Ap_rn+i) = Qp{TTm)- Hence tt™ = tt'^-D 

We recall that two Lubin-Tate groups are isomorphic (as formal groups over 
Zp) if and only if they are relative to the same uniformizer w (cf. Theorem 1.45). 



^Note that the symbol [— ]p was defined in 1.42 and is different from [— ] defined at 2.2. 
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Theorem 2.25 (Independence on the Lubin-Tate group). Let P,PEdw be two 
Luhin-Tate series, let tt = (7rj)j>o md tt = (""p j)j>o be a generator ofT(0p) and 

T(0p) respectively. Let us denote 6?/M^^'(— ), Em\T), e\^\—,T) the construc- 
tions attached to tt, and denote in the usual way the constructions attached to tt. 

V^p^m = [l]p,i5(^P,m). then Md(A) ^ M^^^(A) over TZh^, for all X G W™(fcff). 

Proof : Let A e W,„(fc//), and let A e W„i(Oh) be a lifting of A. We shall 

show that ec;(A,r)/e)j (A,T) belongs to TZh^- By equation (2.2.4), we reduce 

to showing that E,n-j{T-'^) / eI';'1j{T~'^) e 7^H„_^., for all < j < m. Since 
^p.rn [l]p.i5(7i'p,m), then TTp^ = [l]pp{npj), for all < j <m. We have 

(2.2.17) E^{T~')/EiP{T-') = exp(^7r™_,(l - ^^)L^). 

Let us set, as usual, hpp{X) := 1 — [l\pp{X)/X, in order to have (cf. 2.9 and 

definition (2.2.2)) E^{T-^) / E^^\t-^) = ed([/ip p(^™)], T-i). Since [l\pp{X) = 
X mod A'^Zp[[X]], we have hp p{X) G X-Zp[[X]], and, by the Reduction Theorem 
2.21 and Lemma 2.23, this exponential lies in TZh,„- By the way, its inverse lies 
also in TZh,^, so Mrf(A) ^ m|;^'(A), over 7^H,„.□ 

Remark 2.26. If w = p, and if P is given, then, by 1.48 and 1.49, the isomor- 
phism class of Mc;(A) is determined by the choice of a sequence {£,j}j>Q of jj^+^-th 
roots of 1 such that S,^ = £,m-j- 

Corollary 2.27. Let 7 : H{Ap) — > H{Ap) be a continuous endomorphism 
of fields. Then 'y{Em{T~^)) / Em(T~^) G TIh^ if and only if ^ is the identity on 
Qp{njn), and in this case, for all A G W,„(0^(a.p)); ™c have 

(2.2.18) e2(A,r)=erf(7(A),r), 
where, for all f{T) = Y,aiT\ we set f^{T) := Y.-f{a,)T\ 

Proof : The proof follows the same lines as the proof of 2.24.0 
2.2.3. Frobenius structure for tt- exponentials. 

Theorem 2.28. Let r > and let A G W,„(A:h). Let A G W„(Oh) be a 
lifting of \, and let A^^' G W„i(Oh) be an arbitrary lifting ofF{\) G W,„(/s//). 
The following statements are equivalent: 

(1) The power series ed(A^^\ T^)/ed(A, T) is over- convergent, for all choices 
of A, A and A^^-*; 

(2) The modules Md(A) and Mprf(VF(A)) are isomorphic over TZh„^, for all 
A G W,„(fca); 

(3) The power series Em{TP) / Em{T) is over- convergent; 

(4) We have the inequality \w — p\ < 1^1™+^. 
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Proof : (1) (2) and (1) (3) are evident. Let us show (3) <^ (4). Write 
E^{TP)/E^{T) = exp((^^™_,— — )-(^7r„_,— 

m+l 3 

i^m.— i \ 



exp(-p7r™+ir) ■ exp^^ tt^+i 



,=0 7T,n-j + l' 

where 7r_i := Pino) = 0. Let hp^ohi^) ■— P ~ P{X)/X, in order to have (cf. 2.9 
and definition (2.2.2)) 

(2.2.19) Em{TP)/Em{T) = exp(-p^™+iT) • e^^+i ([/iFrob(^m+i)], T). 

Since the function cxp(— pvTm+iT) is over-convergent, the quotient Em{T^) / Era{T) 
is over-convergent if and only if Cpm+i ([/iFrob(7rm+i)], 2^) is. The constant term of 
hprohiX) is p — w. Hence, as usual, by the Reduction Theorem 2.21 and Lemma 
2.9, Em{T^) / Em{T) is over-convergent if and only if |p — w| < |p|™+^. Let us now 
show (3) (1). Since (3) and (4) are equivalent, we see that Ej{T'P) / Ej{T) is over- 
convergent, for all j = 0, . . . , m. Let A = (Aq, . . . , Am) and A^^^ := (Aq^\ . . . , Am^). 
We can suppose A^^'' = A^, V j = 0, . . . , m. Indeed, the Witt vector r) := A'-'^' — 
(Ag,...,AP,) = (?7o, ■ • ■ ^Jym) e W„(e'H) satisfies < 1, V j = 0, . . . , to. Hence 
ed{X^^\TP) = ed{v,TP) ■ed{{XP,...,XPj,TP), and the function Cd{r],TP) is over- 
convergent by the Reduction Theorem 2.21. Now, by equation (2.2.4), we have 

.2 2 20) c,((Ag,...,AfJ,r^) _-^ g,n-,-(A^r"^-"^) 
e,(A,r) E„,-j{X,T"P') " 

Since Em-j{TP)/ Em-j{T) is over-convergent, for all j = 0,...,to, all factors 
£:„_j(APT"P'^')/£;™_j(AjT"P') are over-convergent. □ 

Remark 2.29. In this Theorem we do not need the existence of an absolute 
Frobenius on H. This is due to the fact that the isomorphism class of Md{X) 
depends only on the reduction A e Wm(fc//), and kn is endowed naturally with 
the Frobenius given by the p-th power map. 

Remark 2.30. We will generalize this Theorem for all rank one differential 
equations (cf. Theorem 3.4). Let us show how to recover, from 2.28, the Frobenius 
structure Theorem in the usual sense. Let A e Wm(C'H) be a lift of A G Wmikn)- 
Suppose that w = p, in order to apply Theorem 2.28. Suppose that a : Hoo — > Hao 
is an absolute Frobenius (cf. 1.23) such that ttJ — iij, for all j > 0, and such 
that (7{H) C H. By Corollary 2.27, we have (pa{ed{\T)) = CdiX" ,TP), and 
hence (pl(MdiX)) = Mpd(V(A'')). By 2.21, the isomorphism class of Mpd(V(A'')) 
depends only on the reduction V(A^) = VF(A) G Wm+iikn^), so Mpd(V(A'^)) 
is isomorphic to Mp(j(VF(A)) over TZh^- Then Theorem 2.28 gives us the usual 
Frobenius structure. Indeed, 

(^:(Mrf(A)) ~ ) Mp.rf(V(A'^)) — ^ Mp.4VF(A)) Md{\) . 

Cor. 2. 27 ^ ^ Th.2.21 ' Th.2.28 

Remark 2.31. Let ip* be the p-th ramification map (cf. 1.2.4), and let A G Oh- 
We observe that we can not have an isomorphism Mi(A) ^ {(p*)'^(Mi{X)), for 
all A and all /i > 1. In other words there exists module which do not admits a 
"ramification structure". For example, suppose that A is such that A'' ^ X in kn, 
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for all r > (i.e. A ^ ¥f^). Then cxp(7roAr'')/ exp(7roAr) is not over-convergent. 
Indeed, for all liftings A^^''^ G Oh of we have jA*^'') - A| = 1, then 

exp(7roArP) ^ c,{X,TP) ^ e.jX^^'') ,TP) _ (p., 

exp(^oAT) ei(A,r) ci(A,T) ' ^' 

and while ei(A'^ \ TP)/ci{X,T) is over-convergent, the function Ci(A — A*-^ \ TP) 
is not over-convergent, since the reduction of A^^ — A is not in kn (cf. 2.21). 

2.3. Deformation of the Artin-Schreier complex into the Kummer 
complex. 

Hypothesis 2.32. Prom now on, we will suppose w = p in order to have the 
Theorem 2.28. Then (Sp ^ Gm, the formal multiplicative group (cf. 1.45). We fix 
moreover a generator tt = {nj)j>o of T(©p). 

In this section L will be a complete valued field, containing (Qp, |.|), and en- 
dowed with an absolute Frobcnius ip : Ol Ol (i.e. a lifting of the map a; i— > 
of fci). 

We set as usual := i(7r.m) and := UmLm- We denote by fc^ (resp. 
fcoo) the residue field of L,n (resp. £oo)- We fix an algebraic closure L^^^ of L, then 
k'^^ := ki^Ms is an algebraic closure of fc^. Let k^^^ (resp. fc^^, k^^) be the separable 
closure of fc^ (resp. km, fcoo) in (we recall that fc^ is not supposed to be perfect). 
We denote by L"'^'' (resp. i^""^) the completion of the maximal unramified extension 
of L (resp. L,„) in L^^'g. We set G^^ := Gal(fc^°P/fcL), Gfc„ := Gal(fc,^P/fc,„), 
Gl := Gal(i^ig/i), and Gl„ := Gal(L^^s/i™). 

Remark 2.33. Let fc" = k^^^ D km be the separable closure of fc^ in km and let 
W(fc°) (K)w(fci,) = i"'"' n Lm- The extension km/k1 is purely inseparable 
(i.e. for all x G km there exists ?- > such that £ fc^), so Gal(fcj„/fc°) = 1, and 
we have a canonical identification G^^^ Gal(fc,^P/fcm) ^ Gal(fc^°''/fc° ). Hence 
Gfc^ is naturally contained in G^^^ : 

T r- T^unr j. r- Uscp 

i= J^m "'"1 — ""m 

(2.3.1) Ul Ul Ul Ul 

L C C L"">- fcL C fcO C A:^°P. 

All these extensions are normal. We will identify G^^, with Gal(iJ""7i„j), and 
Gfc^ with Gal(L""''/_L). In this way G^^ acts naturally on L""''. 

Remark 2.34. The absolute Frobcnius (p extends uniquely to all unramified 
extensions of L, and hence it commutes with the action of Gfc^. It extends also 
(not uniquely) to an absolute Frobenius ip of Lm- Indeed, since ip extends uniquely 
to L*^, then to prove the existence of Ip one can assume that L ~ , and hence km 
is a purely inseparable extension of fc^ = fc^. Since the map x ^ x^ kL extends 
uniquely to fcm, then every field morphism ip : Lm — > Lm extending Lp is an absolute 
Frobenius of Lm- Such a ip exists since, by [Bou59, §6,n°l, prop.l], Lp extends to 
a Qp-linear morphism (p : L'^'s _> X'^'s^ inducing an automorphism of Qp(7rm). 

In general there is no absolute Frobenius on Lm satisfying (piiTm) = i^m- Indeed 
if L is totally ramified over Qp, and ii ip = Ml, then the unique extension of ip 
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to Lm, fixing Tr™, is the identity. On the other hand Lm/Qp is not always totally 
ramified, hence the identity of is not always an absolute Frobenius^. 

In the sequel of the paper we will never use such a ip, hence we do not fix it. 

On the other hand, we need the existence of (p because the functor of Witt vec- 
tors of finite length W„i(— ) is not canonically endowed with an additive functorial 
Frobenius morphism (see remark 2.44 to improve this situation). 

Definition 2.35. For A (Aq, . . . , A„i) e Wm(Oi), we set 
(2.3.2) ^r(A,T):=H^M^. 

To simplify the notations, we will write Oj(\, T) if no confusion is possible. 

Example 2.36. Let d = 1 and P{X) = pX + Xp (cf. 1.44). Then ttq is the "tt 
of Dwork", and 9i{l,T) — cxp{tto{TP — T)) is the usual Dwork splitting function. 
While in general, if A £ Ol, we have 6'i(A,T) = exp{Tro{(p{X)TP ~ XT)). 

The following Theorem shows that the over-convergent function A h-s- ^(A, 1) is 
a splitting function in a generalized sense with respect to Dwork (cf. [Dwo82, §4, 
a), p. 55]). In a paper in preparation we shall analyse such functions in detail. 



Definition 2.37. Set O^"^ := {X e Ol \ = A} and O^"^ := 0^-7(0^^^ 
Pi). We see that 0^=^ = Wp. 

Theorem 2.38. Let qP = a e Ol, and let A G ^¥^(0^=^). Then 0'f\\, a) is 
ap™^^-th root ofl. Moreover the group morphism 

0'f\~,a) : W,„(Or') C ZpiTTm] 



factorizes on Wj„(0^ ) = W,„(Fp) = 'Z/p"^^^'Z and defines an isomorphism 

(2.3.3) 0[''\-,a) : Z/p^'+^Z 

More precisely the image o/ 1 £ Ijp^^^'L is the inverse o/ the unigue primitive 
p^^^-th root ofl, say £^,n, satisfying 

(2.3.4) |a"7r,„-(e„, -1)1 < |a"^™|. 

In particular, if a = 1, then is the p^^'^^-th root of 1 defined in remark 1.4-9. 

Proof : Let A = (Aq, . . . , A„0 € W,„(0^=^). Let us show that Od{\, a)P"'^^ = 
1. Indeed T ^ ed{\T)P'"'^^ is over-convergent (cf. 2.39), so 9d{\,a)P'^^^ = 
ed((/9(A), aP)P /ed{^, a)P ^ = 1, since both numerator and denominator do make 
sense and are equal. If \Xj\ < 1, for all j = 0, . . . ,to, then T t— » ec;(A,T) is over- 
convergent (cf. reduction Theorem 2.21), hence both munerator and denominator 
of the expression erf(A, aP)/erf(A, a) do make sense and are equal. Let us show the 
last assertion. By equation (2.2.19), we have 

(2.3.5) 04(1,0..., 0),r) = Ern{r'P)/E,n{T'') 

= exp(-p7r„i+ir") • epd([/iFrob(7r„i+i)],T). 



^Indeed let p = 3, m = 0, and L := Qpinpfi), where P{X) is the Lubin-Tate series P{X) = 
—3X + X^. If = 1 is a primitive root of unity, then Lo = Qp(7rp.O: 5l) i^ot totally ramified 
since the element x := tt/ttp^Oi where tt = (^i — 1), verifies |x| = 1 and = —1, indeed 
~ ( -n-pi] )^ ~ ( ~ 3^~'^'^ )^ = = — a;'^. But there is no element x in F3 verifying = —1. 
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By (2.2.3) this scries lies in 1 + 7r„j_|-iTZp[7rm+i][[T]]. To show that this root is 

it is sufRcient to show that \6d{{l, 0, . . . , 0), a)"-"^ — Cm| < \T^m\ = |Cm ^ 1|- We work 

therefore modulo the following sub group 

C -.= {1 + ^2 CtT' I c^ G Zp[7r„+i] , \ci\ <\tt^\, for aU i > 1}. 

We have exp(— p7r,„+iT") = 1 mod C. Let us consider (cf. definition (2.2.19)) 

(2.3.6) [ft-Frob(7rm+i)] = b - -P(7r,„+i)/7r„+i] = {vq, . . . ,^',„+l). 

Then i/q ~ p — {i^m/''^m+i) and, since p = w, by Lemma 2.9, we have \vj \ < \Trm+i\, 
for all j = Q,...,m+ 1. By equation (2.2.4) we have eprf([/iFiob(7''m+i)], T) = 
Yfjl^f^ E„i+i^j{i'jT'^P' ). Moreover, we know that (cf. equation (2.2.3)) 

(2.3.7) £;,„+i_j(z^jT"P') = 1 + (things of valuation < \TT„,+i^j ■ vjl) , 
for all 7 = 0, . . . , TO + 1. Then 

(2.3.8) 0d((l,O,...,O),r)-i =S™+i(z/oT")"i mode. 

Since {i'qI = |7r,„|P~^, it follows from (2.2.3) that only the first p — 1 terms of 
Em+i{i^oT"')~^ are greater than or equal to |7r,„|, that is 



(2.3.9) E^+iii^or')-' = 1 + TT„,+iiyoT 



mod C. 



ip-l)\ 

Since TTm+iVQ = p ■ 7r„j+i — 7r„j, hence 6'rf((l, 0, . . . ,0),T)^^ = 1 + 7r„jT" mod CD 

Remark 2.39. Observe that T Cd{>^, T)p"^^^ ~ e(j(p'"^^A, T) is over-convergent 
for aU A G W„(0l), because the reduction of p'^+^A in W™(fcL) is (cf. 2.21). 

Remark 2.40. We recall that we do not fix an absolute Frobenius on Lm (cf. 
remark 2.34). 

Theorem 2.41. The following diagram is well-defined, commutative and func- 
torial, on the complete (or algebraic) unramified extensions of L 
(2.3.10) 

1+1 



1 



{Lr 



V"(-4) 



H^(Gl„, //p,„+i) 
A 



e:=Cpm (-.1) 



■W„(fci 



F-1 



■ W„(fci) Hi (Gfc, , Z/p™+iZ) 



where G^^ := Gal(L^/jS/i„i). More explicitly 9pm{—,l) induces the identification 

(2.3.11) 1 ^ : Z/p™+iZ ^ A^p^+i ^c/. 2.38) , 

where is the unique p"^^^ -th root of! satisfying \{£,m~^)~'^m\ < \T^m\ (cf 1.49). 
Moreover e sends1l^{Gkj:^,'^/p^"'^^^) m Hi(Gfc^, /Xp^+i) C Hi(GL^,/.tpm+i) via the 
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canonical diagram 

(2.3.12) Gfe^ ^ ^Gk 



s(q) 



¥ 

In other words the Artin-Schreier character 7 i— > a{j) : G^^ — > Z/p^+^Z is seni &?/ 
e into i/ie Kummer character 7 i~-> e(a)(7) = S^m"^^^^ : Gfe^ — > Upm+i . /n particular 
e{a) = 1 i/ and on^y if Gk^ C Kcr(Q!). 

Proof : Let L'/L be an unramificd extension, and let A' = (Ag, . . . , A^) £ 
Wm(C'i/). If L'/L is not complete, but algebraic, then the series 0pm(A',T), and 
epm(A',T)P * , are convergent at T = 1. since the finite extension L{{\[}i) / L is 
complete. By 2.38, to show the commutativity it is enough to prove that e is 
well-defined. Let A G W^XOl) be such that 5{X) = (cf. diagram (1.4.1)). By 
definition, there exist z,r] & Wm (Ol ) , such that rj = (ryo , . . ■ , r?m ) , with \r]j\ < 1 , 
for all j = 0, . . . , TO, and A = ip{z) — z + rj. Hence 

(2.3.13) ep^{\,l)P"'^' ^ep,^{z,l)P"'^" -Cp^Av^r"^^' ■ 

Then epm(A, 1)^" ^ G (Cl„)^ ^ ■ In other words, even if the symbol ep.Ti(A, 1) 
has no meaning, the number epn.(A, 1)^'" is the p^+^-th power of the number 
6'pn.(2;, 1) • ep™(j7, 1) of Hence (5Kum(ep™(A, 1)^""^') = 1. 

Let us show that the map e works as indicated in the diagram (2.3.12). Let 
a = (5(A), and let A G Wm(C'L) be an arbitrary lifting of A G W„(feL). By 2.42, 
an easy induction on m shows that there exists v G W„i ((!?£„,„) such that 

(2.3.14) ip{i^)-v^X. 

By definition (cf. (1.4.1)), for all 71 G Gfc^, we have 0(71) = 7i(l7) -F g Z/p"'+^Z. 
On the other hand, by definition, e{a) is the Kummer character of Gl,„ defined by 
epm(A, 1)P , and is given by e(a)(7) = 'y{y)/y, for all 7 G G^^, where y is an 
arbitrary root of the equation ^ = Cpm(A, 1)^ ^ . We let y := 9pm.[v, 1). Then 

(2.3.15) e(a)(7) - j(y)/y = 7( ^ (^^^ 1))/ V l*^: 1) = ^p-ilM ^J^A)^ /^p^+i, 

because 7(7r„j) = TTm, since 7 G Gl„^- Now 7(1^) — i/ G 0'[~^, because j{v) is again 
a solution of the equation (2.3.14). By 2.38, the root 9pm (7(1/) — v, 1) depends only 
on the reduction of 7(1') ~ u in fc^*^^, and is equal to ^m"^'*^'. □ 

Lemma 2.42. Let L have discrete valuation, and let L""'^ be the completion of 
the unramificd extension of L. Then for all A G Oju^) the equation Lp{y) — v — \ 
has a solution in i"'". 

Proof : The equation yP—v ~ A has a solution in fc^°^, hence \{ip{v)~v)—X\ < 1, 
for all lifts v of v. Since L has discrete valuation, the lemma follows from an 
induction on the value of the "error" rj, in the equation f{v) — v = X + rj.O 

Theorem 2.43. Let L have discrete valuation. Let a ~ i5(A) be the Artin- 
Schreier character defined by X G 'WmikL) (cf. (1.4.1)j. Letka/kL be the separable 
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extension of kL, defined by the kernel of a, and let La/L be the corresponding 
unramified extension. Then 



where A is an arbitrary lifting of X in Wm(OL), and v G 'W„i{0]^u,-,t) is a solution 
of the equation tp{v) i> = \. In other words, up to replacing L by Lm, the 
extension La is generated by Opmiy^ 1). 

Proof : Since both La{T^m) and L,„(0ps(i/, 1)) contain LP (cf. 2.33), and since 
ip extends uniquely to we can suppose L = LP . In this case e is injective, Lm/ L 
is totally ramified, and Gk^ can be identified with Gfc^ . Let us show the inclusion 
Lrn.{Opm{i', 1)) C La{TTm)- If Gfe„ Gal{k^^^ / ka) = Ker(a), then the inclusion fol- 
lows from the fact that 6pm[i/, 1) is fixed by G^^ (C Gfc^^Gal(iJJ5"'/im)). Indeed, 
for all 7 £ Gal(L™''/L„i), we have, as in the proof of 2.41, 



(2.3.17) 7 (V i^^ 1)) - V ili^) ^^^)- Op- ('^, 1) - C"^^^ ■ V 1) > 



and if 7 G Gfc^, we have a(7) = 0. Then Lrn{0p"^{i^, 1)) Q LQ,(7r,„). In particular. 



where k^.m is the smallest field in fc^P containing km and k^ (i.e. the sub-field of 
fixed by G^^ acting on k^P). The inclusion LaiTTm) C Ljn{dp"^{i^, 1)) follows 
from the equality [im(0pm (i/, 1)) : L„i] = [ka^m ■ km]- Indeed, since Lq = L, 
the map e is injective. Hence [L„j(0pm(i/, 1)) : Lm] = [ka ■ k^], because these two 
degrees are equal to the cardinality of the cyclic Galois groups generated by e{a) and 
a respectively. On the other hand, since fc^ = fc^, we have [ka : /cl] = [ka,m ■ km]-0 

Remark 2.44. The hypothesis of discreteness of L, in Theorem 2.43, and the 
hypothesis of existence of ip can be removed as follows. Let Fp : Wm Wm be 

the map (Aq, . . . , Am) i-^ (Aq, . . . , Af„). Replace ip by Fp, and define of^^X, T) := 
ed(Fp(A), rP)/ed(A, T). Then Fp is defined for all extensions of i, and commutes 
with the Galois action. It is easy to recover Theorems analogous to 2.38, 2.41, 
and 2.43. In particular the analogues of diagram (2.3.10) is defined and func- 
torial, on all complete (or algebraic) extensions of L. Observe that the map 

f F 1 

A i-^ 0^ (A, T) is not a group morphism, but induces again the group morphism 
1 : 1/p"'+^'L ^ (cf. (2.3.3)), which is the reduction of the set 

Wm(0^''"^) := {A e W,„(Ol) I Fp(A) = A}, formed by Witt vectors whose 
entries are or p — 1 roots of 1 . 

2.3.1. Application to the field E]^. 

Remark 2.45. These methods apply to obtain a description of the Kummer ex- 
tensions of £k (resp. S\^) coming by henselianity from an Artin-Schreier extension 
of fc((t)) (see below). This description is really entirely explicit, since the Kummer 
generator 0pm (i/, 1) is explicitly and directly given by the vector A. Indeed, we will 
give meaning to the expression 9pm. [u, 1) = epm (A, 1), and we do not need to find a 
solution of the equation ip{i') u = X (cf. definition 3.1, and Theorem 4.57-(3)). 



(2.3.16) 



ia(7r,„) = Lm{Opm{u,l)) , 



(2.3.18) 



[Lm{(^p"^{^j 1)) • Lm] [LaiT^m) • Lm] — [ka,m • fcm] 7 
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The precedent theory can be applied to the field L = £k, under the following 
assumptions on K: 

{(1) K has a discrete valuation (used in 2.42). 
(2) There exists an absolute Frobenius a : K ^ K 
(i.e. a lifting of the p — th power map of k). 

Fixing an absolute Frobenius of £k, the theory applies without problems. Recall 
that we can suppress these two hypothesis if necessary (cf. remark 2.44). 

The situation is slightly different for the field Sj^, because it is not complete. 
Nevertheless the preceding results are still true for Sj^. Let K satisfy (2.3.19), and 
fix an absolute Frobenius Lp : Oj^, extending cr, by choosing Lp{T) in Oj^, 

lifting G E = k{(t)) (cf. 1.23). 

Remark 2.46. Since Lp{T) e 0]^ is a lifting of V e E, hence there exists 
< e,^ < 1 such that v{^k^{I^)) ^ ^k^I), where / =]! - 1[ • 

Theorem 2.47 ([Cre87, 4.2],[Mat95, 2.2]). If K has discrete valuation, then 
is Henselian, hence we have a bijection 

{Finite unramified extensons of Sj^} {Finite separable extensions o/E = k{{t))} . 

Proposition 2.48. Let f{T) e W„(0^), then both series 6lp™(/(r),l) and 
ep™(/(T), 1)?"+' lies m O^^^. Moreover ifu{T) = {uo{T), . . .,Us{T)) S W,(0]f J 
is such that \ui{T)\i < 1, for all i, then ep3{u{T), 1) makes sense, and lies in . 

Proof : Let e > be such that f{T) e Ws{Ak{]1 ~ e, 1[)). For all compact 
J c]l — e, 1[, the algebra Ak{J) is complete with respect to the absolute value 
||/(r)||j sup^g,, |/(r)|p. Hence ep™(/(T), !)"'"+' G W™(^a-„(J)), for aU com- 
pact J C]l - e, 1[, and then Cp™ (/(T), 1)p"^' e W„(^k„(]1 - e,l[)). On the 
other hand, 9pm.{f(T), Z) € 1 + tt^ZOsj^^ [[Z]] is a series in Z depending only on 
/(T) and ififiT)). By 2.46, there exists''e' such that both f(T) and (^(/(T)) lie 
in W™(^k(]1 - e',l[)). Hence as before ^^^(/(T),^) G 1 + -KmAK^AJW]], for 
all compact J e]l -e',l[, and hence 9p^{f{T),Z) e 1 + 7r,„Z^K„^(]l - e', 1[)[[Z]]. 
The assertion on u{T) follows from 2.21, and the same considerations. □ 

Corollary 2.49. The diagram (2.3.10) can be computed for instead of 
L. The other assertions of Theorems 2.^1 and 2.43 remain true (see diagram 
(0.0.7)J. In particular, if a = S{f{t)) is the Artin-Schreier character defined by 
f{t) G Wm(E), and if E„/E is the separable extension defined by the kernel of 
a, then the (Kummer) unramified extension of Sj^^, whose residue field is Ea, is 

(^p"" ('^i l))j where u is a solution of ip{u) v = f{T), for an arbitrary lifting 
f{T) of Jit). 

Proof : Let Fq/E be the separable Artin-Schreier extension defined by f(T) G 
Wm(E), and let J^^ be the corresponding unramified extension of Sj^. Let v> G 
Wm(^^™) be a solution of — v = f{T). The non trivial fact is that 9pm (i/, 1) 
lies in ^ai'^m) aud not only in its completion, say J^aiT^m)- In other words, we 
shall show that T^{TT,n) ~ £]^^{9pni.{v , 1)). Both £\,^{9pm{v, 1)) and Tl^{-Km) are 
unramified over £\f' = Hfj^""', since their completions are unramified. More- 
over, by Theorem 2.43, they have the same residue field, since this last coincides 
with that of their completions. By unicity (cf. 2.47), they are equal. □ 
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Remark 2.50. This corollary generalize [Mat95, 3.8]. 

Remark 2.51. The study of a generic Artin-Schreicr character, given by f{T) G 
W{0]^), will be reduced to the case f{T) G W,(0K[r-i]) (cf. 2.52, 3.2, 3.20). 

Lemma 2.52. Letf{T) e W„,{0''i^J, then there exist f{T) G W,n{OKj[T]][T-^]) 
and u{T) = (uo(r), . . . , u™(r)) G W,n{0\j such that \uj{T)\i < 1 for all 
j = 0,. . . ,m and f{T) = u{T) + f{T). In particular 9p^{u, 1) = epm{u{T),l) ■ 
OpmiD, 1), where v is a solution of Lp{i>) v = f{T). 

Proof : This is evident for m~0. By induction the lemma follows from the 
following relation valid for Witt vectors in general ([Bou83a, ch.lO,§l,Lemme4]): 

(2.3.20) (/o(r), . . . , /,„(T)) = (/o(T), 0, . . . , 0) + (0, /i(r), . . . , /,„(T)) .□ 



3. Classification of rank one diff"erential equations over TZk^ 

Throughout this second part, we will not need the results of Section 2.3. 
Namely, (X, |.|) is only a complete ultramctric field containing (Qp, |.|), and we 
will not suppose that K satisfies (2.3.19), nor that its residue field is perfect. We 
fix a Lubin-Tate group (Sp, isomorphic to G,„, and fix a generator tt = (Trj)j>o of 
the Tate module r(0p). 

We recall that Kg = K{tTs), and that kg is its residue field (cf. 1.46). For all 
algebraic extension H/K, we set Hs := H{tTs). The residue fields of H and Hg are 
denoted by kn and kn^ respectively. We set Es := ks{{t)). 

3.0.2. The starting point of the classification is the equation 

(3.0.21) ep.iu,lf^' =Cp.ifiT),lf^' , 

with the notations of Corollary 2.49 and diagram (0.0.7). In some cases the symbol 
eps(/(T), 1) docs make sense, and the interesting "Kummcr generator" 6ps{v>, 1) is 
equal to Cps {f{T), 1). We will show that all rank one solvable differential equations 
over Ti-Km admit, in some basis, such an exponential as solution. 

Definition 3.1. Let /"(T) g Ws{T-^Ok[T-^]), then we set 

(3.0.22) Cp.(r(T),l) :=exp(^30-(T) + ^,_i^^ + --- + ^o^^) , 
where 4''j {T) is the j-th phantom component of f^(T) = (foiT), . . . , f^{T)). 

Remark 3.2. Clearly 0^ (T) lies in T'^Ok [T'^] , for all j = 0, . . . , s, and hence 
the expression 3.1 converges r~^-adically. Moreover, 

s 

(3.0.23) eps{f-{T),l) = l[E,^,(fr{T)) e I + tt,T~^OkA[T~']] ■ 

3=0 

In particular. ep3(/~(T),l) is convergent for |T| > 1. As mentioned in Remark 
2.51, Lemmas 2.52, 3.15, and 4.22, will be useful to reduce the study of 9ps{v, 1), 
with ^(iv) v = f{T), to the case in which /(T) G Ws{Ok[T^^). 
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3.1. Survey of the Results. 

Remark 3.3. For all algebraic extensions H/K, the function (cf. 3.1) 

(3.1.1) /-(r)^ep.(/-(T),l) 

defines a group morphism (as we can sec by considering the phantom components) 

(3.1.2) ep.(-,l) : W,,(T-10h[T-1]) I + t:sT-^OhA[T-^]] ■ 

Indeed f^{T) involve only a finite numbers of coefficients of H, then the series 
ep3(/~(T), 1) lies in a finite (and hence complete) extension of K. 
Let f-{T) G Ws{T-^Oh[T-^]), we set 

(3.1.3) L(0, riT)) = 9t - 9T,iog(ep=(/-(T), 1)). 

Observe that 1 + 'KsT~^Ohs [[^^^]] is not contained in Sh^ = ®k Hg. However, 
every series in this multiplicative group is convergent for |T| > 1 (cf. 3.2). Then, 
by 1.6 and by continuity of the radius, L(0, /~(T)) is solvable over TZh,- 

Theorem 3.4 (Main Theorem). Let M be a rank one solvable differential mod- 
ule over TZkoo i^-^- over TZr^j for some m > 0, or over TZk (cf. 1.18)). Then 
there exists a basis of M such that 

(1) the 1x1 matrix of the derivation of M lies in AkQS^, ^])'^^k[\T]]\T^^]; 

(2) there exist ans>Q, and a Witt vector f^{T) e Ws{T-^OkAT ]) such 
that the Taylor solution (cf. (1.2.3)j of M , at oo, is 

(3.1.4) r''°-ep.(/-(T),l), 

with ao E Zp. In particular M is defined ( in this basis ) by the operator 
L(ao,/-(r)) dT-dT,ios{T-° -epsiriT),!)) 

(3.1.5) = dT-ao + j2 ^s-, E f^'iTf'^9T^o,{f^{T)). 

j=0 i=0 

Moreover the isomorphism class of M depends bijectively on 

- the class of oq in ZpfZ; 

- the Artin-Schreier character a :— <5(/ (i)) defined by the reduction f {t) G 
Ws{Es) off-{T). 

Definition 3.5. We will denote indifferently by M(ao,a), M(ao,/^(t)) or 
M(ao,/^(T)), the differential module defined by L(ao,/~(T)). 

Assume the point (1) and (2) of the Theorem 3.4. Then the last assertion can 
be translated in terms of 7r-exponentials as follow. Recall that p = w (cf. 2.28). 

Theorem 3.6. Let r{T) e W,{T-^OkAT'^])' andletj^{t) e W,(t-^kAt~^]) 
be its reduction. Then 

(3) Ifl {T) e Mfs{T-^OKAT^^]) *s another lifting ofJ^{t), then 

(3.1.6) v(ZJZM = epe(/-(r)-/"(r),i) 
ep=(/ (r),i) 

is convergent for |r| > 1 — e, for some £ > (i.e. lies in TZk,)- 
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(4) ///^F)(T) e Ws{T-'^OkAT''^]) is an arbitrary lifting o/F(/"(i)), then 



ep.(/-p)(r),i) 



is convergent for |r| > 1 — e', /or some e' > (i.e. lies in TZk^)- 
(5) Conversely the function Cps { f^ (T), 1) lies in TZk, if and only if the equa- 
tion F(i>~) ~ ~ / (0 ^'^■5 solution v~ G Ws(t~-'^A:s[i~"'^])- 

Notation 3.7. The point (5) will be called the Frobcnius Structure Theorem. 

3.1.1. By the Main Theorem 3.4, definition 3.1 and by rule 1.2, it follows that, 
for all s > 0, and for all algebraic extensions H/K, we have an exact sequence of 
abelian groups (functorial on the algebraic extensions H of K) 

(3.1.8) Ws(t-^kH[t-^]) ^ W sit-' knit-']) Pic^°'(7^/^J . 
On the other hand, it follows from the definition 3.1, that we have 

(3.1.9) ej,,+i(V(/-(r)),l)=ep.(/-(r),l). 

Hence, for all s > 0, we have the following functorial commutative diagram 

(3.1.10) W sit-' knit-']) W sit-' knit-']) Pic^°'(7eff,^ J 



V 



V 



M(0,-) 



Ws+lit-'kH[t-'])^^Ws + lit-'kH[t-']) 

This shows, by passing to the inductive limit, that we again have an exact sequence 

(3.1.11) CW it-' knit-']) ^ CW it-' knit-']) ^i^^ Pic^°'(7^H^) . 

The group Zp/Z has no p-torsion element. On the other hand, every element of 
CWit~'kH[t~']) is killed by a power of p. Since we are assuming that all solutions 
are of the form (3.1.4), this proves the following 

Lemma 3.8. Let H be an algebraic extension of Koc- The image o/M(0, — ) 
is the sub-group of the p-torsion elements o/ Pic'^°'(7^^f ), and if H/Kqo is Galois, 
then Pic^° (^-ff) isomorphic, as GaliH / Koo)-Tnodule, to the direct sum ofl^pfZ 
with the image o/M(0, — ). □ 

Corollary 3.9. The map iao,a) M(ao,Q;) induces an isomorphism 

r■^1^o^ ^ CWit-'ko^[t-']) m{-,-) p.sow-r, a 

^'■'■'^^ ^-/^®(F-l)CW(t-ifc^[t-i]) 

Proof : By Galois descent M(— ,— ) induces an isomorphism, with fcP^''^ := 
(fc^'s)Gai(fe */feoo) instead of fcoo- But actually, the co- vector quotient is invariant 
under inseparable extension of fcoo as explained in subsection 3.1.3 below. □ 
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3.1.2. On the other hand, it is weU known that (of. lemma 3.15 and 3.20) 

Hi (Gal(A:oo PF^P/fcoo ((<))), Qp/Zp) - P(fcoo) ©H^ (Gal(fc^P/fcoo) , Qp/Zp) , 

where P{koo) is the character group of Pe^, with Eoo = fcoo((i)) (cf. 1.41). More 
precisely we have the following (for a more convenient description of P(k) see 4.1) 

Lemma 3.10. For all fieJds k of characteristic p > 0, one has 

mi3i r(,:) cwit-^njt-^) 

Proof : This wiU follow from 3.15 and 3.20. □ 

3.1.3. Furthermore we have P{k^'^^) = P(fcoo), because, by Remark 1.36 (or 
1.38), the Artin-Schreier complex is stable under purely inseparable extensions, that 
is Ga^feP^^f'^'^P/fc^^f) = Gal(fc^P/fcoo). In other words, for aU r > 0, the co-vectors 

Tit) - (...,0,i^(t),...,i7(t)) and F'-iTiT)) = (. . . , 0, i^(^)P^ . . . , ^i)^") 
have the same image in the right hand quotient of equation (3.1.13). 

3.2. Proofs of the statements. We first prove the statements (3), (4). and 
(5) of Theorem 3.6. The idea is to express eps(/~(T),l) as a product of tt- 
exponentials of the type ed(A, T^^). The main tool will be the notion of s-co- 
monomial which reduce the study to 7r-exponentials (see equation (3.2.5)). The 
principal lemma will be 3.13. 

Definition 3.11. Let H/K be an algebraic extension. Let d = np™ > 0, 
{n,p) ~ 1. Let s > 0. We will call s- co-monomial of degree —d relative to A :— 
(Ao, . . . , A„) G W,„(C'h) the Witt vector in W s{T-^Oh[T'^]) 
(3.2.1) 

s — m 

XT-'' (0~^,AoT-",Air-"f,...,A„r-'') if m<s, 

XT-d (A„_,r-"P'""",A™_,+ir-"P""°^\...,A™r-'^) if m>s. 

We denote by wi~'^\OH) the sub-group of Ws{T'^Oh[T-'^]) formed by s-co- 
monomials of degree —d, and by wi '^^kn) its image in W sit~^ kH[t~^]) ■ 

Remark 3.12. By looking at the phantom components we find an isomorphism 
of groups Wi"'*^(0/f) ^ W„,in{s,m)iOH), and hcncc wi"'*^ (fc/f ) ^ W„iin(^_,„)(/sH). 

Lemma 3.13. Let now H/K be an algebraic extension. Let d = np™" > 0, 
{n,p) = 1, let s > 0, and let X :~ (Aq, . . . , Am) G W„i(C'^f). If m < s, we have 

(3.2.2) ep.(Ar-^l) =ed(A,T-i) . 

Proof : The phantom vector of (0, ... , 0, AoT-", XiP-'^P, AmT"'^), is 

(3.2.3) (0, . . . , 0,p^-™(/)or-",p'^-™</)iT-"P, . . . ,p^-"0,„T-''), 

where (00, • ■ ■ , (t>m) is the phantom vector of (Aq, . . . , Am). The proof follows im- 
mediately from the definitions 3.1 and (2.2.2). □ 

Definition 3.14. For aU algebraic extensions H/K we set Eh ■= fcff ((*))• 

Lemma 3.15. For all s > 0, there is a (functorial) decomposition 

(1) W,(Eh) = (BdyoWi-^^kn) © Wsikn) © W,(ffc^^[[i]]) ; 
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(2) Ws{OHm][T-^]) = ®d>oWir''\OH) ®Ws{Oh) ®Ws{TOHm]). 

Proof : Let s = 0, then kniit)) = ®d>okHt~'^ ® ku ® thnWi]]. The proof 
follows easily by induction from (2.3.20).n 

Remark 3.16. Witt vectors in ©<i>oWr'''(C'H) (resp. W ,{Oh),^ s{TOk[[T]])) 
have their phantom components in T^^OrIT^^] (resp. Or, TOk[[T]]). 

Corollary 3.17. We have a (functorial) decomposition 

W,{T-^Oh[T-^]) = ©d>oWi-'')(Oa) , Ws{t~'kH[t-^]) = (SdyoM'^Hkn) . 

Proof : The inclusion C follows by Remark 3.16. Since all monomials belong 
to s{T^^Oh[T~^]) we have the inclusion D. The right hand equality follows 
from the first one by reduction. □ 

Definition 3.18. For all f{T) e Ws{Oh[[T]][T-^]), we will denote by 
(3.2.4) f{T) = f-{T) + f, + f+{T) 

the unique decomposition of /(T) satisfying /"(T) e Ws{T-^Oh[T-^]), /„ £ 
Ws{Oh), f^{T) G Ws{TOh[[T]]) (cf. 3.15). The same notation will be used for 
a Witt vector J{t) e Ws(Eh). 

Remark 3.19. By (1.4.1), we then have a corresponding decomposition of 
a := 5{f{t)), i.e. a = + ao, (a+ = by 3.20), with = S{f^{t)), and 
"0 = S(fa). This shows that Gal(E^P/E//)^'^ = Galik"^^ /knT^ ®^Eh, where 
Eh - kHiit)) . 

Proposition 3.20. W,{tkH[[t]]) C (F - l)Ws{tkH[[t]]), for all s > 0. 

Proof : Since E/f is complete, by 1.35, Ws(E//) is complete. Let f^{t) £ 
Ws(tfcj/[[t]]). Then the series g+{t) := - Y.i>Q F'(7^(i)) is Cauchy for this topol- 
ogy, and hence converges in W,(Eh). Moreover fit) = ¥ {g+ [t]) - g+ [t] U 

Remark 3.21. Let H/K be an algebraic extension and let f~{T) G Ws(i"^O^f [t~^ 
Let Vp{—) be the p-adic valuation (namely Vp{d) = m if d = np"^, in,p) = 1). 
Let f^{T) = J2d>o ^dT^"^, with \d G W^,p(^)(A;j/) be its decomposition in s-co- 
monomials of degree —d. We can suppose s 3> (cf. (3.1.9)), then 
(3.2.5) 

Bps ir (T), 1) = eps (^ ArfT-^ 1) = n V i^dT-", 1) J] ^^(^^^ ^"')- 

d>0 d>0 d>0 

Then eps(/~(T), 1) is a (finite) product of elementary ir-exponentials. In terms of 
differential modules, we have M(0, f~(T)) = ®<i>oM(0, XdT'''). Hence, by 1.2, the 
study can be reduced to 7r-exponcntials. 

3.2.1. Proof of the statements (3), (4), (5) of Theorem 3.6: 

Notation 3.22. For all d > 0, we set d = np™, with (n,p) = 1 and Vp{d) := to. 
In the sequel the letters n and to will indicate always this decomposition. 

By Lemma 3.13, for all d appearing in the product (3.2.5), we have (cf. 2.17) 

(3.2.6) Lrf(Ad) ^ L(0, Xdr-"-) , Md{\d) = M(0, A^T-'') , 
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where XtiT^"^ is the s-co-monomial of degree ~d attached to e Wy^(^d){OH) (cf. 
3.11). Actually, by the rule (3.1.9), we can suppose s 3> Vp{d) =m, for all d > 
appearing in the (finite) product (3.2.5). 

The assertions (3) and (4) are consequences of the Reduction Theorem 2.21, 
and the Frobenius Structure Theorem for 7r-exponentials 2.28, respectively. Let us 
prove the assertion (3). We decompose f~{T) — / (T) in s-co-monomials of degree 
~d, f-{T) - T{T) = Ed^dT-^ with Xd e W„^(rf)(OH) (cf. 3.15). Then 

(3.2.7) ep, {f-{T) - T (T), 1) = [] V i^dT-", 1) [] ^'^(^^' ^"') " 

d>0 d>0 

The over-convergence of eps (/^ {T) — f (T), 1) will result from the over- convergence 
of every ed{Xd, T~^). In order to apply the Reduction Theorem 2.21, we shall show 

that the reduction Xd of Xd is 0, for all d> 0. Since the reduction of /~ (T) — / (T) 
is 0, it follows from Lemma 3.15 that the reduction of X^T^'^ in wi '^''(fc_ff) is 0, 
for all d > 0. By Remark 3.12, for all d > 0, we have an isomorphism X^T^'^ ^ 
Xd : ■Wi-''\0H) ^ ^,,^id){OH)- Hence = in W,^(rf)(fc^^), for aU d > 0. 

The proof of (4) follows the same lines. Namely, by the assertion (3), the isomor- 
phism class of M(0, /^(T)) depends only on the reduction f~{t) G Ws(i^^fc/f [t^^]) 
of/"(T). As usual, we decompose 7^(0 = X;d>o ^d^"''' with A^t-'^ G wi"'^^(fcjj). 
The morphism F : W,,(Eh) W,,(Eh) sends the monomial A^t"'' into Y{Xd)t-P'\ 
Hence F(F(0) = Erf>o F(^rf)^"''''- Then 

M(0,7^(t)) ^ ®d>oMd{Xd) ®d>oMpd(VF(Ad)) ^ M(0, F(7^(t))) , 

2.28 

where the last isomorphism follows from the fact that \{¥{Xd)t''^'^) and ¥{Xd)t^^'^ 
define the same differential module (cf. (3.1.9)). 

The proof of the assertion (5) of Theorem 3.6 follows from assertions (3) and 
(4) of Theorem 3.6 in the following way. Suppose that eps(/~(T),l) is over- 
convergent. Wc want to show that the equation F(i>) — /> = / (0 has a solu- 
tion D G Ws(t~^fc//[t~^]). In other words, we shall show that f {t) belongs to 
(F - l)Ws(i-ifc//[t-i]). Let us write f~{T) = J2d>o^dT-'^ as a (finite) sum of 
s-co-monomials. We need to replace f^{T) by a more convenient Witt vector. 

Definition 3.23. A Witt vector (T) G Ws{T^^Oh[T^^]) is called pure if 
its decomposition in s-co-monomials is a (finite) sum of the type 

(3.2.8) /p(T)= A„p™(.,r-"P'"'"' , 

where Jp = {n G Z | (n,p) = 1 , n > 0}, and A„j,,„(„) G W„(„)(C'h). 

Remark 3.24. aT,iog(cp. (/;(T), 1)) = E„e,i-«E;=o' 'rm(«)-j0„p".("),,r-"^: 
where (0„pm(n) q, ■ • ■ , 0np™<").m(n)) is the phantom vector of A„pm(n) . In this case the 
coefficients of the differential equation are simpler and directly related to A„pm(n) 

instead of A„p,Ti(„)T~"^ ' This will be useful for explicit computations (cf. 4.31). 
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Lemma 3.25. Let fp{T) e Ws{T-^Oh[T-^]) be a pure Witt vector. The 
exponential Cps(f~{T), 1) is over-convergent if and only if fp (t) = 0. Moreover, 

(3.2.9) Irr (M(0, (T))) = max Irr (M„p„(„, (A„p„(„, )) . 

Proof : Write M(0, /^(T)) = ®„6j^M(0, A„p„.(„)T-"P"*"'). The irregularity 
of M(0, A„p™(„)r-"P'"*"') ^ > M„p™(„)(A„p„(„)) is, by Theorem 2.21, a number 

(3.2.6) 

belonging to the set {0} U {n ■ p™ | m > 0}. Hence, for different values of n, we 
have different values of the p-adic slope of M„p„(„) (A„p„,(„) ). Theorem 1.19 then 
implies the equation (3.2.9). Suppose now that eps(/p (r),l) is over- convergent, 
then this irregularity is equal to 0. Hence all M„pn.(n) (A„pm(n) ) arc trivial, and 

epa(A„p,„(„)T~"^'"'"', 1) is over- convergent (i.e. lies in TZh), for all n e Jp. By 
Theorem 2.21 this implies A„pm(n) = 0, for all n S Jp. □ 

Assertion (5) of Theorem 3.6 follows then by point (1) of the following 

Lemma 3.26. Let f^{T) e Ws{T-^Oh[T-^])- Then 

(1) There exists a pure Witt vector fp{T) G Ws{T^^Oh[T^^]) such that 

(3.2.10) f-{T) - fp{T) e (F - l)Ws{t-^kHr^]) . 

Ln particular, by assertion (4) of Theorem 3.6 , Cpa(/~(T) — f~(T), 1) is 
over- convergent, and M(0, /"(T)) ^ M(0, /p(T)), overTlH,; 

(2) There exists a pure Witt vector hp (T) e Ws{T-^Oh^[T~^]) such that 

(3.2.11) Cps{f-{T),l)=Cps{h;{T),l) . 

Proof : Let us write f (T) = X]d>o ^d.T~'^ as a (finite) sum of s-co-monomials. 
Write XdT-^ = (0, . . . , 0, A^.oT-", . . . , A^.^T^"?") e W„^(d)(r-iO^^[T-i]), where, 
for all c? > 0, we set d = np™, m = Vp{d). Now set 

a£V-^' := (0, . . . , 0, \%T-"^, . . . , A^,,„T-"P""') , 

then the reduction xfjT'P'^ ~ XdP-'^ lies in (F - l)Ws(fc((t))). Hence we can re- 
place XdP-"^ with x'p^T-P'^. Replacing in this way A„p™r~"P" with A^,plr^"P"'*'\ 
step by step, we obtain a pure Witt vector. In other words, we can suppose that for 
all n G Jp there exists a unique m{n) > such that A„pm(,i)T~"P ' ' 7^ 0. Now let 
us construct h~{T). First we arrange the sum f~{T) = X^nejp Sm>o '^"p"^""^'"- 
Then we construct, for all n £ Jp, a natural number m(n) > 0, and a Witt vector 
«^„p™,„, e WsiOH). satisfying ep=(«^„p™(„)r-"P"*"', 1) = ep=(E™>o A„p„.T-"P'", 1). 
Let m{n) = sup{m | A„piTi ^ 0}. By (3.1.9), we can suppose s > m(n). Let 
A„p™ = (A„pm,o, ■ • ■ , A„p™^„i), and let (0„p.",o, • • • , 0np"',m) be its phantom vec- 
tor. Then Bps iJ2Z=o Kp-^T'^'P"'' , 1) = exp(^7r„(„)aoT-" H h7roa„,(„) ^^^^^r,— ) , 

where, for all j ~ 0, . . . , m{n), we have 

^-c.0 10^ ^0 , ^1 , , , 7r„(n)-j 

(•J-^-l^j flj — • 0ripJ J H • (Pnp3 + \j H H • <Pnp'"(").,j ■ 

Let P{X) be the chosen Lubin-Tate series. Denote by p(i)(X) P(X), p('')(X) 
P(P(---P(X) •••)), r-times. We set ho{X) 1, and hr{X) := F('')(A:)/X, for 
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r = \,...,m{n). The phantom vector of [hr{T^rn(n))] G W,„(„)(0/f) is as usual 
{hr{TTm{n))-, hr{T^ra(n)-i) ■, ■ ■ ■ , /ir(7ro)) and is then equal to 

(3.2.13) ^^Mubl, ^ . . . ^ !I£^ 0^ . . . ^ 0) e , ifr>0, 

7rm(„) 7I'„i(,i)-l TTr 

while [^o('''m(n))] — 1; ^^'^ its phantom vector is (1, . . . , 1). Hence we have 

aj = h,n(n)iT^m{n)-j)(f'n,] + Kn{n}~liT^m{n}-j)4>np,] ^ ^ '^0 (7I',„(„) _j )0* p„.(„) , 

where, for all k = 0,...,m{n), (0*pfc^o' ■ ■ ■ ' '?^np^m(n)) ^^^^ phantom vector of 
\V- (•^np^o. • • ■ > \lp^fc, *,••■,*)€ W„(„)(0_f/), where the last m(n) - fc com- 
ponents are arbitrarily chosen. Observe that 0*pfc ^ = 4>np''.jy for all j = 0, . . . , A:, 
while, if j > k we have h^n(n)~k{''^m(n)- j) = 0. This shows that 

3.2.2. Proo/ of (1) and (2). The assertions (1) and (2) of Theorem 3.4 will 
be a direct consequence of the following Theorem. The algorithm employed is due 
to Robba [Rob85, 10.10] (see also [CR94, 13.3]). We translate his techniques in 
terms of Witt vectors. Recall that, by 1.22, every rank one solvable equation has a 
basis in which the matrix is a polynomial in T^^ with coefficients in Ok- 

Theorem 3.27. Let H/K be a finite extension. Let M be a solvable rank one 
differential module overTZu, defined by an operator dx^giT), g(T) — X]-d<j<-i '^j^* ^ 
Oh[T^^]. Then there exists a Witt vector f^{T) e Ws{T-^Oh'[T-^]), whose co- 
efficients lies in a finite extension H'/H, such that Ot ~ giT) = L(0, f^{T)). More 
explicitly we have E-d<»<-i«»^' = ^ Ei=o ^^-j ELo /r ^ dr.iogifi^ (T)) 
(cf. (3.1.5)j. /n pariira/ar exp(E_d<i<-i "i^VO V(/ (^)' 

Proof : We shall express exp(E_d<j<-i ^«-^V*) ^ product of elementary 
TT-exponentials, with coefficients in TJ'^'s. Observe that solvability does not change 
by scalar extension of H. Let d = np™, {n,p) = 1, and let bd G H^^^ be such 
that 6^ ~ a-d/{mTo). By Lemma 1.14, |a_d| < uj < 1, hence |6d| < 1. We 
consider the Witt vector := {bd,0, ... ,0) G W,„(0^aig), whose phantom vector 
is (bd, 6^, . . . , 6^ ). By construction, we have 

(3.2.14) LdiXd) ^dr + n- {TTobfT"" + TTibf^T-^/P + ■■■ + ^^ferfT""). 

Then M(giMrf(6d, 0, . . . , 0) is defined by an operator of the form 9t— E-d+i< j<-i o-iT^, 
3ai € H'^^s (cf. 1.2). Moreover M (g) Md{bd, 0, . . . , 0) is again solvable, so, by 1.14, 
we have again |a_d+i| < uj. This shows that we can iterate this process. More 
precisely there exist A.^ = (6^, 0, . . . , 0) G 'Wvp{i){OH^ie), i = 1, ■ ■ ■ ,d, such that 

d 

(3.2.15) e(T):= J] c,(A„ T-^) = e,,. (^ A.T"', 1) , s » 0, 

i—l,...,d 2—1 

satisfies 9T,iog(e(r)) = E-d<,<-i Thcn/-(r) El<^<d^^T-^ (cf- (3.2.5)).n 



4. Applications 
4.1. Description of character group. 
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Lemma 4.1. Let Jp := {n G Z | {n,p) ~ l,n > 0}. For all fields k, of charac- 
teristic p, one has the following isomorphisms of additive groups (cf. 1.3.4): 

(4.1.1) CW(t-iK[i-i]) -®<i>oW„^(d)(K) ; P(k) CW(k)(J-) , 
where CW(k)'-'''') means ®„gjpCW(K) (direct sum of copies o/CW(k)J. 



Proof: WehaveCW(t-iK[i-i]) = lim^ W,(t-iK[t-i]) lim^ ©d>oWi"'''(K). 
Observe that wi~''''(K) = ^ mini s.vp{dy){i'^) (*^^- remark 3.12), hence 
(4.1.2) CW(t-iK[t-i]) = ©d>oliniW„,i„(,^„^(d))(K) = ®d>o^v^^d)i^^) ■ 

s 

Now we write d — np^, n G Jp = {n G Z | (n,p) = l,n > 0} and m > 0, then 
on the right hand side we have ®d>ii^ vp{d){n) = ffi«eJp (®mW„^(„p™) (k)). The 
Frobenius morphism F sends wi ''"'(k) into wi ^'^\k), and, under the isomor- 
phism wi '^'(k) — > Wmin(s,Dp(d)) ('^) (cf- remark 3.12), it becomes the morphism 
FV : Wi,p(„pm)(K) W,„p(„p™+i •)(«;) as illustrated in the picture 
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Then 

(4.1.3) P(k) ^ ©«GJp (©m>oW,^(„p„.)(K)/(FV- l)(®„>oW,„^(„p,„)(K))) 

(4.1.4) ^ (©,n>oW™(A.)/(FV-l)(©™>oW™(At)))''''^ 

One sees that ©m>oWm(K)/(FV — l)(©rn>oWm(K)) is isomorphic to CW(k) = 

lim(W,„(^) ^ W,„+i(aj) ^ • • • ). □ 

4.2. Equations killed by an abelian extension. 
4.2.1. Extension of the field of constants. 

Corollary 4.2. The natural morphism 

M ^ M © if ^'8 : Pic''°\nK) Pic'°'(^/f''>0 

is a monomorphism. In other words, two TZk -differential modules are isomorphic 
if and only if they are isomorphic over 7?,^aig after scalar extension. 

Proof : We show that the kernel of Pic^°'(7^A') ^ Pic*'°'(7e^aig) is equal to 
0. Let M be defined by the operator L = dr - g{T), g(T) := j^t ^tT' G TZk, and 
suppose that M^K'^^^ is trivial over 7?.^aig. By 1.22, we can suppose Oi — 0, for all 
i^-d,...,0. We know that M(g)K^^s 2U M(ao,/~(T)) = M(ao, 0)(^M(0, /"(T)), 
for a suitable /"(T) G Ws{T-^OkAT~^])- Then M (g) JsT^'s is trivial only if both 
M(ao,0) and M(0, /"(T)) are trivial over K'^^s. This implies that gq G Z, and 
hence M(ao,0) is trivial also over TZk- On the other hand, M(0,/~(r)) is trivial 
if and only if eps(/~(T), 1) Hes in TZj^b.is. By 3.27, the series Cps{f~{T), 1) has its 
coefficients in K, and M(0, /~(T)) G Pic''° {T^-k)- Since the convergence does not 
change by scalar extension of if, it follows that M(0, f~{T)) is trivial over TZk- D 

Corollary 4.3. We have Vid'°\nK) = Vid'°\nK^)^''^^'^^'^^ . □ 
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4.2.2. Frobenius structure. Assume now that K has an absolute Frobcmus 
<7 : K K (of. 1.23), and fix an absolute Frobenius Lp : TZk TIk- By Theorem 
3.6— (5), for any Artin-Schreier characters a, the module M(0, a) has a Frobenius 
structure of order 1 over K,^ (with respect to one, and hence any absolute Frobe- 
nius. cf. 1.2.3). By Lemma 4.2, this isomorphism descends to K. 

Lemma 4.4. M(ao, 0) has a Frobenius structure of order h ( cf. 1.27) if and only 
if aQ G Z(p). Moreover let oq = a/b, a, 6 G Z, and let b ~ Yii factorization 

of b in positive prime numbers. For all q^r £ Z, r > 0, we define [q],. := 9' , 
r-times, (i.e. [q]i = q and [q]r+i = g^'''"/ Then {ip*'f {M{ao,0)) ^ M(ao,0), with 

Proof : By 1.2.3 we can suppose ip = (p„. Suppose that M(ao, 0) has a Frobenius 
structure of order h. Since M(ao,0) is solvable (cf. 1.28), hence ap G Zp. By 
definition 1.27, p^-oo — oq G Z, hence oq G Q. Conversely, let oq = a/b G Z(p), 6 > 0. 
We have pM'-i = 1 (mod q''). Then if h = UtihU ~ 1) we have {p'' ~ l)ao G Z.D 

Remark 4.5. Let L = Ox+J^iez '^i^*' tic an operator over TZk with Frobenius 
structure. The order h of the Frobenius structure depends only on the exponent 
flo G Z(p). Explicitly, if Oq = a/b, a,b €1,, ib,p) = 1, and if & = Hi > 0, > 0, 
is a factorization of b in prime numbers, then, by 4.4, we have h < Yiiiililri ~ !)• 

Definition 4.6. We denote by Fic^'°^{nK^) Q Pie'°\nK^) the sub-group of 
differential modules having a Frobenius structure of some order h. 

Corollary 4.7. Pic^'°^(nK^) ^ Z{p)/Z®P{koc). □ 

4.2.3. Artin-Schreier extensions. In order to apply Theorems 2.47, and 4.8, 
in this section K have a discrete valuation, and k will be perfect. 

Proposition 4.8 ([Mat95, 3.4], [Tsu98a, 2.2.2]). LetY/k{{t)) be a finite sep- 
arable extension. Let F^ be the corresponding unramified extension of Sj^ rp . Then 

(1) There exist a finite unramified extension K/K, a new variable T and an 
isometric isomorphism t : {F^ , M) ~* (^j-^ J,^ My 1); where \-\f i is the Gauss norm 

with respect to T. In particular, for all f{T) G S^j^, one has |/(r)|T,i = 1/(2^)1^ i- 

(2) Let t and t be the reductions of T and T respectively. Let F = k([t)). Let r 

be the ramification index ofF/k([t)). Write t = Ort^ + Or+i r+i H , with a., G k. 

Then T can be chosen such that t{T) = OrT^ + Or+iT''^^ + • • ■ , cii G Oj^, where 
the Oi 's are liftings in of the Oi 's. 

Proof : Let Q[T) := QrT^ + ar+iT^~^^ -I- • • • . The proof consists in showing 
that f{T) ^ r(/(r)):=/(Q(f)) : S], ^ -> St^^ is etale (cf. [Mat95, 3.4]).n 

Notation 4.9. We denote hy TZ^ f the corresponding Robba ring. 

Remark 4.10. We have (%or)(/(T)) ^ df ^^^^{Q{f))-{TodT){f{T)), where as 
usual df ,{Q{T)) = Then, after scalar extension, a generic differential 

operator dr — g{T) becomes df — df ^^^{Q{T)) ■ g{Q{T)). Indeed the unique Koo 
derivation of the etale extension TZj^ f extending dr is df i^g{Q{T))~^ ■ df. The 
solutions of this operator are the same as those of dr — g(T). 
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Corollary 4.11. Let E = k{{t)). Let F/E be the Artin-Schreier extension 
defined by the kernel of a ~ 5{f{t)), with f{t) G Ws(E). Let TZk.t ^ f 
corresponding Stale extension. Then the kernel of the scalar extension map 

(4.2.1) Res : Pic"°'(7ejf^^T) Pic'^°'(7e^^^^) 

is the (finite and cyclic) sub-group of Pic^°'(7?.if^^T), formed by (isomorphism 
classes of) modules of the type M(0, /"(T))®'', k > 0, (cf.3.18), where f{T) £ 
Ws{Ok[[T]][T~^]) is an arbitrary lifting ofJ{t). This kernel has order [F : E]. 

Proof : By 4.2, we can suppose X = K^"^^. We decompose f{t) ~ f^{t) + 
7o +7^(i) (cf- 3.18). Since k = k, we have S(fo) = (cf. (1.4.1)). On the other 
hand, by 3.20, we always have S{f'^{t)) = 0. Hence we can suppose f(t) = f^{t) = 
{fait), . . . , fr{t)). Since the Artin-Schreier complex is invariant by V (cf. (1.4.1)), 
we can suppose /(^(i) 7^ (i.e. the degree [F : E] is p'*"*"^). By Corollary 3.9, the 
morphism (4.2.1) can be viewed as a map 

CW I t-'^k\t-^]) Res , CWli-^k\i-^]) 

where t is the reduction of T. We start by studying the term Zp/Z. By 4.8, 
T = Q(f), with Q{f) = Ops+ifp"^' + with a^ e Ok^. The differential 
operator dx ~ oq, aQ Cz Zp is sent to 9^ — j^g(Q(r)) ■ oq. Observe that 

(4.2.3) a^i„g(Q(T))=p^+i + Qi(f) , Q,if)ef-OKm]. 

Hence the new operator is df — • oq — Qi{T) ■ oq. By 1.21, this operator is 
isomorphic to df — p*+^ao. Then the morphism (4.2.2) sends Zp/Z into itself by 
multiplication by p"'^^ ~ [F : E], and so is bijective on TLpjTL. 

On the co-vectors quotient, the morphism (4.2.2) is the usual functorial map 
corresponding to the inclusion t-^k^-^\ — > t'^k^-^ The module M(0,/(T)) ^ 
M(0,/^(T)) then lies in the kernel. Indeed, by definition of F/E, there exists 
v(t) e Wsit-^klr^) such that (cf. remark 1.39) 

(4.2.4) F(y(t))--pit)=T{t), 

hence, by Theorem 3.6, eps {f{T), 1) lies in 7^^ f. In other words, this exponential is 

over-convergent in the new variable T. Conversely, a module M(0, g~ (T)) lies in the 
kernel, if and only if the exponential eps(g~{T), 1) belongs to Tlj^f- By Theorem 

3.6, this happens if and only if the equation F{i/) v ^ 9~{t) has a solution 
V G Ws{k{{i))). This happens if and only if the kernel of (S(g^(t)) contains the kernel 
of a = S{f^{t)). Since the quotient GE/Kcr((5(/^ (t))) is cyclic, this implies that 
S(9^{t)) =m-5(f^{t)), for some m > 0. Hence M{0, g~{T)) ^ M{0, f {T))'^"\D 

Remark 4.12. As suggested by the referee, this corollary is in relation with 
the proposition 4.11 of [Cre87]. 

4.2.4. Kummer extensions. 

Corollary 4.13. Let F/E be an abelian totally ramified extension of degree 
[F : E] = n, with {n,p) = 1. LetTLK,T ^ ^kt corresponding etale extension. 
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Then the scalar extension morphism Res : Pic''" {'R-k^,t) — > Pic''° {T^x f ) 
multiplication by n, and so its kernel is (^Z)/Z. 

Proof : Indeed, in this case we can choose t satisfying t — Q{i) ~ t".n 

4.3. A criterion of solvability. This sub-section is devoted to proving the 
corollary 4.28. The aim of this result is to characterize the solvability of the dif- 
ferential equation dr — g(T), with g{T) = '^aiT^ giving an explicit condition on 
the coefficients "oi" . Roughly this Theorem shows that every solvable differential 
equation over £k has, without change of basis, a solution which can be represented 
by the symbol 

(4.3.1) E{f-iT),l)-T-" -Eif+iT),!) , 

where /"(T) e W{T-^Ok[[T-^]]) and f-{T) e W(TOk[[T]]) are certain (infi- 
nite) Witt vectors, satisfying some convergence properties which ensure that the 
series E{f~{T),l) makes sense (cf. 4.14). Similarly to the previous situation, this 
Witt vector will be a sum of monomials (dual notion of s-co-monomial, cf. 4.17). 
If a Lubin-Tate group ©p is chosen, then this classification is a generalization 
of Theorem 3.4, because W{T-'^Ok^[[T-'^]]) contains CW{T-^Ok^[[T-^]]), via 
the choice of a generator tt G T(©p) (cf. diagram (4.3.8)), and the exponential 
E{f^{T), 1) becomes ej,3(— , 1) if applied to the image of a co-vector (cf. (4.3.7)). 

We maintain the notations of Section 2.1. In the sequel we will work both with 
TOif [[T]] and T"^Ok[[T~^]]. Almost all assertions have a dual meaning. 

Lemma 4.14. Let E{-,Y) : W{Ok[[T]]) 1 + be the Artin 

Hasse exponential (cf. 2.10). Let vt be the T-adic valuation. Let f(T) — (/o(T), /i(T), . . 
'W[TOk[[T]]), and let (j)j{T) be its j -th phantom component. Iflmij—,aoVT{fj{T)) — 
-l-cxo, then limj_^oo VT(4>j{T)) — -\-oo, and E{f{T), Y) converges T-adically atY = 
1. □ 

Definition 4.15. We denote by ^^{TOkWT]]) the ideal of W(C'k[[T]]) sat- 
isfying the condition of Lemma 4.14. 

Remark 4.16. For aU f+{T) = (/o(r), /i(T), . . .) e W^{TOk[[T]]), we have 

(4.3.2) E{f+{T), 1) J] E{f,{T)) - exp(0o(T) -f- ^ + ^ + ■••), 

;>o p p 

where <P^{T) is the j-th phantom component of f^{T). The T-adic convergence of 
this product is guaranteed by Lemma 4.14. 

Definition 4.17 (Monomials). Let A = (Ao, Ai, . . .) e W[Ok) and d a posi- 
tive integer. We wiU caU AT"* := (AoT'', AiT'^p, AzT'^p", . . .) e W^{TOk[[T]]) the 
monomial of degree d relative to the Witt vector A.'^ In analogy with 3.11, we call 
W('')(Ok) the sub-group of W^(TOx[[T]]), formed by monomials of degree d. 

Lemma 4.18. Let Jp := {?i G Z | (n,p) = l,n > 0}. There is an injection 

(4.3.3) n W^"\Ok) C W^^{TOk[[T]]) , 

•^Observe that if AT"'' is a monomial in {T^'^Ok[[T^'^]]), its reduction in 

^ m{T^^ O n-[[T^^]]) is NOT a co-monomial of degree —d, but it is a co-monomial of degree 
-dp™. 
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given by (A„r")„ejp ^ EneJp ^nT" . 

Proof : If (j)n = (0)1,0 7 0ri.ij ■ • ■) is the phantom vector of A„, then the phantom 
vector of A„T" is (^n.oT", 0„,ir"P, (l>n^2T"P\ ■■■). Hence ah terms have different 
degree and they do not "blend" when wc sum the phantom components. □ 

Remark 4.19. 1. Let /(T) e W-^{TOk[[T]]), let A,A<j e W{Ok), d > 0. 
Then we have 

(4.3.4) E{V{f{T)),l) = E{f{T),l), 

(4.3.5) E{X,T'^) = £;(Ar'*,l), 

(4.3.6) llE{Xa,T') = EiY^XaT",!) . 

d>l d>l 

2. If (/)_„ = ('/'-n.Oj 0-n.i, ■ • ■ ) is the phantom vector of A_„, then we have 

E{ J2 A-„r-", 1) = exp( J2 E ^--™^^) 

3. If /-(T) (/o-(r),/r(r), . . .) e WHr-iOx[[r-i]]) and if pr„(/-(T)) is the 
image of f- (T) in W.^{T-^Ok[[T-^]), then (cf. (2.2.2)) 

m 

(4.3.7) i?(M-/-(T),l)=Cp™(pr„(r(r)),l) =n^™-j(//(^))- 

The exponentials used in the preceding section arc then a particular case of i?(— , 1). 

Remark 4.20. Recall that W™(r"ie'K™ [r^^]) ^ [7r„i]W {T-^Ok,AT-^]) C 
W(T~-'^0x„ [[r~"'^]]) (sec (2.1.9)). We have the following commutative diagram 
(4.3.8) 

w,„+i(r-iO;,„^, [r-i])c — ^ wHt-iox,„^, [[t-i]]) ^ i + t-'Ok^ [[t~']] 

V 

£(-,1) 

W™(r-iOK„JT-i])^^^-^wi(T-iOK,„[[r-i]]) 

Indeed, we see, looking at the phantom components, that 

(4.3.9) km](/(7,...,/™, /„+!,• ■•) = [7r™](/o',...,/-,0,0, ■•■) , 

for ah /-(T) - (/o", . . . , /„-, • • • ) e W(T-10k[T-1]). Hence M/-(T) lies 

in W^(T-iOx[T-i]), for all f-{T) e W{T-^Ok[T^^])- 

Remark 4.21. By definition one has W^'^^Ok) C (rOA'[[r]]), for all d > 
1. The group W-^{TOk[[T]]) is not generated by the family {W^'^^loK)}d>Q of 
sub-groups. Indeed, for example, the m-th phantom component (j)m{T) of a Witt 
vector of the form 'Yl d>f) ^d.T'^ is always of the type (f>m{T) = h{TP"^), for some 

HT) e Ok[[t]]. 

However, the basic fact is that, for all /+(T) e W^{TOk[[T]]) (resp. f~{T) G 
W^{T~^Ok[[T~^]])), there exists an (infinite) family of monomials {A„T"}„gjp G 
n„6 Jp W(") (Ok) (rcsp. {A_„T-"}„ej^ S n„e jp W(-«) (O^)) satisfying 

ii;(/+(T),i) = ii;(^ A„TM) ; i?(/-(r),i) = i?(^ A_„r-",i). 
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In other words, a general Witt vector is not an infinite sum of monomials, but 
the Artin-Hasse exponential of this Witt vector is always equal to the Artin-Hasse 
exponential of an infinite sum of monomials with support in J p. 

Lemma 4.22. The differential equation dr - g+{T), g+{T) = E,>i ajT* e 
TZk is solvable if and only if there exists a family {A„}„gjp, A„ G W(O^), with 
phantom components 0„ ~ o, 0n,i, ■ • ■) satisfying 

(4.3.10) flnp™ = nipn.m , for all n £ Jp, m > . 

In other words we have cxp(^j>-^ a^^) — -^'(X^neJ ^nT^^ , !)• 

Proof : The formal series £'(EneJp ^nT", 1) £ 1 + TOk[[T]] is a solution of 
the equation L dr — X^neJ Sm>o "-'/'n,™^"^'"- Since this exponential converges 
in the unit disk, then Ray{L,p) = p, for all p < 1 and L is solvable. Conversely if 
dr — g^{T) is solvable, then the Witt vectors A„ = (A„^o, ^n,i, ■ ■ •) are defined by 
the relation (4.3.10) (cf. 1.31). For example for all n G Jp we have 

(4.3.11) A„,o = ^ , A„,i ^ 1 (!!!^ _ 

n p \ n n 

We must show that |A„_m| < 1 for all n £ Jp, m > 0. 

Step 1: By the Small Radius Lemma 1.7, we have |ai| < 1, for all z > 1. Hence, for 
all n e Jp, we have |A„.o| < 1- Then the exponential 

E{ (A„,o, 0, 0, . . .)T", 1) = exp( ^ ^ Af,,o — ) 

n^Jp nGJp m>0 

converges in the unit disk and is a solution of the operator g(o) := dr ~ h^°^{T), 
with h^°^T) = Ene,ip Em>o^nro^^'"' ^^^^^^ ^'^ therefore solvable. 
Step 2: The tensor product operator Ot — {g^{T) — /i(")(T)) is again solvable and 
satisfies g+{T) - h'-°\T) =p.gW{TP), for some g'-^HT) e TK[[T]]. In other words 
the "antecedent by ramification" ip* (cf. 1.2.4) of the equation dT-{g+ {T)-h^°'> (T)) 
is given by dr — g''^^T), which is therefore solvable. 

Step 3: We observe that g^'^T) = i E™>oKp™+i - n(^)f'"^')T"f'", 

and again by the Small Radius Lemma we have |a„p— ri{^)P\ < 1, which implies 
I Art, 1 1 ^ 1- The process can be iterated indefinitely. □ 

Remark 4.23. We shall now consider the general case of an equation dT~g{T), 
with g{T) ~ X^iez^i-^' ^ T^k, and get a criterion of solvability. Suppose that 
dr — g{T) is solvable. We know that dr — g^{T), dr — ao and dr — g~^{T) are 
all solvable (cf. 1.20). We can then consider dr — g~{T) as an operator on ]1, oo] 
(instead of ]1 — e, oo]) and Lemma 4.22 gives us the existence of a family of Witt 
vector {A_„}„gjp satisfying a_„pm = — n0_„_m, for all n G Jp, and all to > 0. 
Conversely suppose that we are given two families {A_„}„gjp and {A„}„gjp, with 
A,i G W(C'/^). Since the phantom components of A„ are bounded by 1, then g'^ {T) 
is bounded and belongs to TZk- Now we need a condition on the family {A_„}„gjp 
in order that the series g^{T) := X^nejp ^m>o ~^4'-n,mT~^P"' belongs to TZk- 

Lemma 4.24. Let c < uj = \p\'^ , n e Jp, p < 1 be fixed. Let (Aq, Ai, . . .) G 
'W{Ok) and let 4> = {4'0i4>ii ■ ■ ■) be its phantom vector. Then \(j)i/p^\ < cp"'^ for 
all i > if and only if \Xi\ < cp^^ for all i > 0. 
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Proof : Recall that < |p|*c, for all i > 0. Suppose that \(j>i/p^\ < cp"P for 
all i > 0. Then |Ao| = |0o| < cp". By induction suppose that \Xj\ < cp'^^' for all 
j = 0, . . . , z — 1, then |Ai| = — Aq — pA^ — ... — p''^-'^Af_]^)|. By induction 

10,1 < |p|*cp"P' and l/Af"''! < |p|'=(cp"J'')P'"' = |p|'=cJ'""'"p"^' < bicp"^', hence 
Ail < cp'"''P . Conversely suppose that |Ai| < cp"'' for all i > 0. Then = 
|A[;'+pAf"+---+P*A,| <sup((cp")P',H(cp"T"",--- ,br(cp"''')) < Wcp^^\n 
Definition 4.25. Let c<uj and p <1. We denote by 

4 18 

the sub-group formed by the sums X^nsJ ^-nT~"' such that A_,i = {X-n,Oi ^-n,ii ■ ■ ■ 
W(Oa') verify the conditions of Lemma 4.24. In other words |A_„.m| < cp^^"^ . 

Remark 4.26. Observe that, by Lemma 4.24, a Witt vector Yl,nejp ^-nT^"" 
belongs to the subgroup p(T^^O/^[[r^^]]) if and only if the argument of the 
exponential E{J2ne.K 1) = exp(^„gj E,„>o satisfies 



(4.3.12) 



nGJp m>0 



:= sup r^^I-IIM ^-„p- < c < ^ 

riejp,m>0^ IpI™ 



Definition 4.27. Let W^T^^Ok[[T-^]]) C W^(r-iC'K[[T-i]]) be the sub- 
group defined as the sum of the sub-group IJ^^^^ 'Wj: p{T^^OK[[T^^]]) with the 

sub-group (\J,>o[^,] ■^HT-'Ok..4T-'])) Q W^T-iOaIT-I]) . 



Corollary 4.28 (Solvability Criterion). Let dr-giT), g{T) E^ez a^^'' ^ 
TZk be a solvable equation. Then oq G Zp and there exist two families {A_„}„gjp 
and {A„}ngjp such that for all n G Jp, and all m > we have 

where {(fi-nfi, ip-n,!, ■■ ■) (resp. {(finfl, 4'n,i, ■ ■ ■)) is the phantom vector of X^n (resp. 
Xn). Moreover J2ne.ip^-nT~" belongs^o W {T-^Ok[[T-^]])- 

Conversely given a triplet {J^neJp ^-nT~'\ flo, I]„e,ip ^nT"), with J^neJp ^-nT 

g(r) 51 E -"</'-n,mr-"P" + a„ + ^ ^ n0„,™T"f'" 

nGJp m>0 n(EJp m>0 

belongs to TZk, o,nd the equation dr ~ g{T) is solvable. 

Remark 4.29. This corollary asserts that EneJ -^-n'^"" is a sum of a "small" 
vector, i.e. verifying the relation (4.3.12), and a vector of "type Robba", i.e. of the 
type [TTj]f~(T), f~{T) e W{T~^OkM[T~^]]): for some j > and such that the 
product [7Tj]f'{T) lies in W{T-^Ok[[T-^]]) i.e. has its coefficients in K. Actually 
the proof will show that / (T) can be chosen pure (see below). 

Proof of 4-28: Let dr — g{T) be solvable. By 4.22, we know the existence of 
{A_„}„gjp and {A„}„gjp (cf. 4.23). We must show that Engj A_„T"" hes in 
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Wt(r-ie>K[[r-i]]). Let d > O be such that | Ei<-d a^^^V^lp < ^ for some p < 1 
(of. 1.12). Write ^-(r) = Y.^<-d(^^T' + E-d<i<-i By 1.12 we know that 

exp(E-^_^ aiT'/i) G TZk, hence the equation 9t — X]i<-d'^i^* is solvable (and 
actually trivial). In particular dx — X]-d<i<-i '^i^* is solvable and hence, again by 
4.23, there exists a family {A'_„}„gjp, such that 

i-npm if — np™ < — d 

if -d<-np"'<-l 

where ((/)_„_o, ^-n.i, ■ ■ ■ ) is the phantom vector of A_„. Since, by construction 
\T,^<^d"■^T''/i\p < uj, this implies | E„eJp Em>o <^-»,™^""^'"/p™Ip < licncc 
E„gj^A'_„T-" lies in Wi_p(T-iC'if [[T"!]]) for some c < to. Now we consider 
A"„ := A„ — AJ^, the family {A"„}„gj then satisfies 



(4.3.13) Pic'°'(7eA') = 



if - np"' < -d 

i^npm if —d < —np''"' < — 1 

By 3.27, and by 3.26 there exists a pwre Witt vector (T) = (/^-(T), . . . , /."(T)) S 
W,(r-iOKai«[r-i]) such that L(0,/-(T)) = 9T-E-d<,<-ia.7^'- Hence [7r,]/-(T) 
and EnGJ "^-ri^"" have the "same" phantom vector because f~{T) is pure. 
Then Enejp-'^"^"" lies in the image of the morphism Ws{T-'^OkMT-'^]) ^ 

[tt,] •w(r-io,^.i«[r-i]). □ 

Remark 4.30. Let L :— dr - Ejez*^''^*' ^ ^ given equation. 

Then L is solvable if and only if ao G Zp, and, for all n G Jp, both the operators 
9t - Em>o anp-r-T^P" and 9t - Em>o o-np™?"""^'" are solvable. 

Corollary 4.31. If K is unramified over Qp, then every solvable differential 
module over TZk of rank one is isomorphic to a moderate module (cf. 1.2.5). In 
other words, 

'Lp/'L if p>2 

Zp/Z®k{it))/{F-l)k{{t)) if p = 2 

Proof : We must show that all 7r-exponcntial Cps (f^(T), 1) whose logarithmic 
derivative has its coefficients in K is trivial. Actually we can suppose that the co- 
monomial /-(T) is pure (cf. 3.26). Write 9T,iog(ep= (/"(T), 1)) = T,-d<^<~la^T' 

with tti G Ok for aU i = -d, ...,-1. Write /"(T) Enej^ '^-np™(")7'^"'''"'"\ 
A_„p™(„) = (A_„p™(„)_o, ■ ■ ■ , A_„p,r.(„)_„(„)) G W,„(„)(OAaig). Since /"(T) is pure, 
one has (cf. 3.24) 

(4.3.14) fl-npi = -'mT,n{n)-j4>-np'^(^\j 7 

for all J = 0, . . . ,m{n), where (0_„pn.(,i) _oi ■ • ■ i^-np'^i^) ,7n{n)) is the phantom vec- 
tor of A_„pm(,i). On the other hand the Criterion of Solvability 4.28 asserts the 
existence of a family {A'_„}„gjp with phantom vector {4>'~n}n&3p, with </>'_„ :~ 
0, ■• ■), such that a_„pm = —n ^ for all n G Jp, m > 0. Observe 

that (/>'_„,„ G Ok- Since X is unramified over Qp, then we can employ Lemma 
1.32. Then = o'(</''-„.m-i) mod p'^Ox, for all n G Jp, to > 0, that is 

(4.3.15) a_„pj = (^(a-npj-i ) mod pPOk for all j > 0. 
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Since a_„pm(„)+i = we obtain, by (4.3.14), the estimate \TTm{n)-j<l>-np"^("'i ,j\ — 
for all j = 0, . . . , m{n). Then we have a system of conditions 

which easily gives |A_„pm(,i) j| < |pp |7r„i_j j^-'^ < 1. This last is < 1, and is = 1 if 
and only if p = 2, and ra{n) = j = 0. If p 7^ 2, then by 2.21, and corollary 4.2, 
e(i(A_„pm(n) , T"-^) hes in TZk, for all n e Jp, and L(i(0, f^{T)) is trivial. □ 

4.4. Explicit computation of the Irregularity in some cases. Let vt be 

the <-adic valuation of /s((t)). 

Lemma 4.32. Let f{T) e T-'^Ok[T~^] be a polynomial in T''^ , and letj{t) e 
t^^k[t~^] be the reduction of f{T). Let n := —Vt{f{t)) > 0. Lf{n,p) = 1, then 

(4.4.1) Irr(M(0, (0, . . . , 0, /(T), 0, . . . , ))) = n • / , 

t+i 

where £ = £{0, . . . , 0, /(T), 0, . . . , 0) (cf. L3.3). 

Proof : We have M(0, (0, . . . , 0, /(T), 0, . . . , 0)) = M(0, (/(T), 0, . . . , 0)) _(cf. 
(3.1.9)). Moreover, the isomorphism class of this module depends only on /(i), 
hence we can suppose that f{T) — a^„T~" + ■ • • + a_iT^^, with |a_„| = 1. Then 
L(0, (/(T), 0,...,0))^dT + dTAosifiT)) ■ K/(r) + 7Ts-ifiT)P + ■■■+ nofiT^] . 
We have dT,\og{f{T)) = -n + TQ{T), with Q{T) S Ok[[T]], so that 

(4.4.2) g{T) = -TTa-n- a^'„ • T""'''' + (terms of degree > -n/) . 

Since {n,p) = 1, we can apply 1.14 and lrr{dT + giT)) = IrrpidT + g{T)) = np^ . □ 

Corollary 4.33. Let f^{t) = (/jf, ...,7F) g W,{t~^k[t-^]). Let 
-Vt (/j") • If {nj,p) = 1, orn-j ^ 0, for all j 0, . . . , s (cf 4.I), then 

(4.4.3) Irr (^M(0,7^(<))) = max (n^ ■ p""^) . 

Proof : Let Afj be the differential module defined by (0, ... , 0, fj^{t), 0, . . . , 0). 
By 4.32, Irr(Afj) = n^p^-^. Since M(0,/"(T)) = (gijMj (cf. (2.3.20)), and since 
njp^~^ are all different, then, by 1.19, we have the desired conclusion. □ 

4.5. Tannakian group. In this section we study the category of solvable 
differential modules over TZk which are extensions of rank one sub objects. We 
remove the hypothesis "K is spherically complete", present in the literature. Let 
H/ K be an arbitrary algebraic extension. We set 7i|^ := Ue .4.fl-(]l — e, oo[). Let S 
be a sub-group of Zp without Liouville numbers and containing Z. 

Definition 4.34. Let C be an additive category. If there exists a function rank 
on C, then we denote by C^.i (resp. Coxt-i) the full sub-category of C whose objects 
are finite direct sum (resp. finite successive extension) of rank one objects. 

Definition 4.35. An object is said to be simple if it has no non trivial sub- 
objects. It is said indecomposable if it is not a direct sum of non trivial objects. 
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Definition 4.36. Let MLS{H]j) be the category of (free) differential modules 
over solvable at 1 (i.e. Ray{N, 1) = 1, cf. 1.2.2). Recall that, by definition, 
such a module comes, by scalar extension, from a module over TC]^, for some finite 
extension L/K (cf. (1.1.2)). Let N G MLScxt-i (W]^) be extension of rank one mod- 
ules, say {Ni}i^i j.. We will say that N is regular at oo, write N S MLSj,°f_]^(7i|^), 
if. for all i, the module N.^ is defined, in some basis, by an operator Ot + gi{T), 
satisfying 

(4.5.1) gi{T) = ^ ai^jT' , with = , for aU j > 1 . 

We win say that N e MLS^^f_i(Hl^, S), if N e MLS;;^li(7^|^), and if a,,o € S', Vi. 

Lemma 4.37 (Schur's lemma). Let Mi, M2 he two rank one objects in MLS{TZh) 
(resp. MLS[!^j_]^(7^Jj)J. Every non zero morphism g : Mi — *■ M2 is an isomorphism. 

Proof : Let ao.i G Zp be the exponent of Mi. In Theorem 3.27 we have 
seen that Mi has a basis G Mi in which the solution is of the type T"-°-'ei{T), 
where ei{T) G ^_ff(]l,oo]) is a series with coefficients in H. We have then g{ei) = 
h{T)e2, with h{T) = T""-^-""'^ e2{T)ei{T)-^ G TZh- Then 00,2 - ao,i G Z, and 
e2{T)ei{T)^^ G TZh- Since ei{T) is a product of 7r-exponentials, both h{T) and its 
inverse lie in TZh- If Mi,M2 G MLS''^^i{T-il^) , then, by the proof of 1.12, the base 
change necessary to obtain lies in {Ti-lf)^ .□ 

Remark 4.38. By 4.37, rank one objects in MLS{TZh) are simple in Mod-7?.ff [9t] • 
Then, by the Jordan-Holder Theorem in Mod-7?./f [(9t] , the categories MLSoxt-i(7?.H), 
and MLScKt-i{TZH, S) are abelian, and, for all objects M, the set of rank one 
objects appearing in a decomposition series of M does not depend, up to the 
order, on the chosen decomposition. Moreover the sub-categories MLS®_i(7^^r) 
and MLS0_i(7?.^f , S") are abelian and semi-simple. The same facts are true for 
MLS^^J_,(7^t,), MLS^^J.i(7^t^) and MLS^^^^ (Wj,, 5) . 

Theorem 4.39. Let N G MLScxt-l(7^i^ , S") (resp. N G MLSl''^^_i{nlj , S) ) . 
There exists a basis of N in which the matrix of the derivation is in .Jordan canonical 
form. In other words, N is a direct sum of objects of the form M (2) Um, where M 
is a rank one object and Um *s defined by the operator 9™. 

Proof : Let Mi , M2 G MLSoxt-i (7?.// ). By the Robba's index Theorem for rank 
one operators whose matrix is a rational fraction [Rob84] , wc have dim Hom( A/i , M2 ) = 
dimExt^^, [3^] (Ml, Af2). This fact does not need the "spherically complete" hy- 
pothesis on the field K. The Theorem results then by classical considerations. 
□ 

Remark 4.40. dx ■ fj^ has a big co-kernel, hence Ext^t [g^^i^K^^K) 

is not one dimensional (see [CM02, pp. 133-134]). While the theory of rank one 
equation over TZk coincide with the theory over Sj^, this is false for rank > 2. 

Theorem 4.41 (Canonical extension). The canonical restriction functor Res : 
MLSj^^f (7i|^ , 5) — > MLScxt-iiTZn, S) is an equivalence. 

Proof : By 3.4, Res : MLS^^ii(Hl^, S") ^ MhSe^t-iiTZn , S) is essentially 
surjective. Indeed L(ao,/~(T)) has its coefficients in Tilf. By 4.37, two rank 
one modules in MLS™f _i {Ti-n , are isomorphic if and only if they are isomorphic 
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over TZh, because the base change is given by an over-convergent exponential in 
1 + T-'^Oh[[T-'^]]. Hence, by the Schur Lemma 4.37, Res is also fully-faithful. □ 

Corollary 4.42. The Tannakian category MhScxt-iiT^H i S) is neutral. 

Proof : Let ujs ■ MLS'^°5l (^1/ , S") Vect""(g) be the fiber functor sending a 
rank one object in its Taylor solution at 1 (cf. (1.2.3)). An H-lineax fiber functor 
of MIjS^.i(TZh, S) is given by composing cus with a quasi-inverse of Res.D 

Definition 4.43. An affinc group scheme H (over H) is linear if there exists 
a closed immersion Ti —^ GhniV), for some finite dimensional vector space V. 

Definition 4.44. Let lus : MLS®_l(7^H, S") Vect ""(g) be a fiber functor. 
We denote by Qh ■= Aut®(a's) the Tannakian group of MLS©_i(7eij , S"). 

Remark 4.45. By 4.39, the Tannakian group of MLScxt-i(^H, 5) is Qh x 

4.5.1. Study of Qh- For all (finite dimensional) representations pv ■ Qh 
GLh{V), we set Qh.v •= Pv{Qh)- The group Qh,v is then linear and affine. 
Moreover, Qh.v is diagonalizable (i.e. closed subgroup of the group of diagonal 
matrices). The group Qh is the inverse limit of its linear (compact) quotients 
Qh,Vi E^nd is endowed with the limit topology. Hence Q h is abelian, because every 
y is a direct sum of rank one objects, and Qh,v is abelian. 

Remark 4.46. Let / be a non empty directed set. The functor lirn^^^ is 
exact if applied to exact sequences of compact algebraic groups (see [Bou83b, 
ch.3,§7,Cor.l]). All exact sequences in the sequel will be studied at level Qh,v- 

Definition 4.47. We set X{Qh) Homg°"'(ai/, G,„ ® iJ), where "cont" 
means that such a morphism Qh ^ Gm 'Si H factors on a linear quotient Q h,v- 

Let Pic5'(7^i/^) be the sup-group of Pic^°' {TZh^ ) formed by modules whose 
residue lies in S. By Tannakian equivalence, we have an isomorphism of groups 

(4.5.2) nOnJ = Picf (7^ff^) ^ 5/Z©P(fcj^^). 

This leads us to recover the group Qh^^, itself (cf. [Spr98, 3.2.6]). Let us write 

(4.5.3) S/Z = S/Z^p) ® Z(p)/Z . 

Theorem 4.48. Qh^ is the product of a torus Th^ (dual of S/'Z(^p)) with a 
pro-finite group Th^ (dual o/ Z(p)/Z © P(fc^f^ )j. This last is isomorphic to the 
Galois group If^^ := Gal(E^^P /Ejf^)^^^ where Eh^ = kn^Ht)) (cf l.p) 

(4.5.4) lab^^l^^. 

Proof : The proof is standard. These two groups have the same character 
groups. Namely, by Tannakian equivalence and by Corollary 3.9, the character 
group of Th^ is Z(p)/Z ® P(fc//^). By Artin-Schreier theory, and Kummer theory, 
this last is also the character group of Th^ ■ O 

Remark 4.49. We will see in the next section that this isomorphism is induced 
by the Fontaine-Katz functor M^. Actually, this isomorphism exists even without 
the hypothesis required in the definition of this functor. 
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4.6. Differential equations and </j-modules over S]^ in the abelian case. 

In this section the notations, and hypotheses, wiU follow [Tsu98a]. We recall that 
w = p (cf.2.32). We suppose k perfect (used in 4.8). Let A/Qp be a finite extension 
containing Qp(Cs)- Let F^, q := p'' , be the residue field of A. 

Hypothesis 4.50. We assume the existence of an absolute Frobcnius (Jq : A ^ 
A (i.e. lifting of the p-th power map x '—^ of F^), satisfying ctq' = Ma and 
'^ai'^s) ~ '^s- This is always possible if A/Qp is Galois. 

We let K -.^ A ®w(f,) W(fc) and a := Wa ® F*". We denote again by ctq the 
morphism (cto ® F) on K , then a = ctq. We fix a continuous absolute Frobenius ipo 
on 0\^, by setting (po{J2 aiT') := J2 '^oiai)fo{Ty , where (poiT) e 0^ is a lifting 
of tP G k{{t)) (see definition 1.23). Then ipo verifies (Po{tTs) = tTs, and (fQ{£\) C sj^. 
We set (fi = ifiQ. Both cp and po extend uniquely to all unramified extensions of Sj^, 
hence they commute with the action of Ge := Ga\{W^P /E). 

Definition 4.51. Let Rcp^"(Ge) be the category of continuous (finite dimen- 
sional) representations a : Ge —> GLa(V), such that q;(Ie) is finite. 

Definition 4.52. Let a : Ge — > A^ be a character such that a(2'E) is finite. 
Then we denote by Vq. G Rep^"(GE) the rank one representation of Ge given by 

7(e) := a(7) • e , for all 7 G Ge , 

where e G Vq is a basis. We denote by D''^(Vq,) (resp. M^(Vq)) the ip — V-module 
over fj^ (resp. V-module over TZk) attached to Vq. Namely 



(4.6.1) Dt(VQ) = (VQ®A4""')''" > Mt(VQ) = Dt(VQ)®^1^7^if . 

We recall that M^(Vq) is endowed with the unique derivation "commuting" with ip 
(cf. [Fon90, 2.2.4]). This derivation is V = 1®9t- By 1.28, M^(Vq) G MLS(7^i^). 

Definition 4.53. We wiU identify Z/p-'^+^Z with /x =+1, by sending 



If a G Hom^°"*(GE, Z/p'^+^Z), we again denote by Vq the representation given by 

j{e) := S,f^'> ■ e , for all 7 G Ge. 

Remark 4.54. This definition is chosen "ad hoc" to be the inverse of the action 
of Ge described in (2.3.11). 

Remark 4.55. Let a : Ge ^ A^ be a continuous character, then a factors on 
the abelianized G^. Let 1^ be the inertia of G^, and G^*^ be the abelianized of 
Gal(fc''''P/A:). Since k is perfect, then, by 4.8, the exact sequence 1 — > — > G^ 
Gf^ ^ 1 is split, hence 





"ab 
■E 



G^'' = 11° ® Gf , 
' A^ and ao : Gf -> A^' . Then 

Vq - Vq- (xjVqo. 
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We observe that M^(Vq„) ^ TZk, is trivial because its solution is a constant. 
Indeed, the extension of Oj^ defined by ao is H, for some unramified 

extensions H/K. In the sequel we will treat only characters a : Ge ^ with 
finite image, this will be restrictive in terms of (y9-modules but not in terms of 
differential modules (cf. 4.55). Indeed, 

(4.6.4) Dt(V„)=Dt(V„-)®Dt(V„J ; Mt(V„) = Mt(V„- ). 

Remark 4.56. Points (4) and (5) of the following theorem have been already 
proved in [Mat95] in the case p 2 and rank one, and in [CreOO], [Mat02], 
[Tsu98b] in the general case. Moreover we thank the referee to pointed out to 
us that the explicit form of the differential operator (answer to (5) of 0.0.1) was 
written in the proof of Lemma 5.2 of [Mat95], in the case p ^ 2. 

Theorem 4.57. Letfit) e Ws(E) and let a = 5(f{t)) be the Artin-Schreier 
character defined by f{t) (cf. (1.4.1) J. Let {Ej^Y be the unramified extension of 
Sj^ corresponding, by henselianity, to the separable extension of k{(t)) defined by a. 
Then 

(1) a basis o/D^(Vq,) is given by 

(4.6.5) y :-e0 0p.(iy,l) , 

where e e Vq is the basis of 4-53 and u G Ws(f™' ) is a solution of 

(4.6.6) ^o(«^)-i^ = /(T), 

where f{T) G Ws(OK[[r]][r^"'"]) is an arbitrary lifting of f{t); 

(2) the Frobenius ipo acts on Va, moreover (foiy) = (^p'if{T),i) ■ y- Hence, 
z/Tr(/(T)) := /(T) + MfiT)) + ■■■ + ^V\f{T)), we have 

(4.6.7) ^(y)= V(Tr(/(T)),l).y; 

(3) By 249, one has (£j^)'(7r^) = f t.J6lp. (jy" , 1)] (cf. definition 3.18). This 
extension can be identified with the extension 

(4.6.8) 4J0,= («.-,1)] -^4,[e,.(r(T),l)] 

by sending Opsiy, 1) into eps[f^{T), 1). In particular, ifiTg G K, one has 

(4.6.9) y = e®ep.(/-(r),l) . 

Moreover ^y) = 0p.(/"(T), 1) • y, and ^{y) = (Tr(/-(T)), 1) • y. 

(4) The isomorphism class o/M^(Vc() depends only on a'' and 

(4.6.10) M^(Va) M(0, a-) ; 

(5) the irregularity o/M^(Vq,) is equal to the Swan conductor o/Vq. 
Proof : Let E = k{{t)). For aU 7 G Ge = Gal(E"'=P/E), we have (cf. (2.3.17)) 

(4.6.11) 7(e ® Ops {v, 1)) = {C^''^ ■ e) ® (C"^"^' • Op. (iv, 1)) = e ® Op. {v, 1), 
hence e ® Ops{v, 1) G D^(Vq). Moreover, ipo{e ® Ops (i/, 1)) = e ipo{Ops {u, 1)) and 

(4.6.12) ifioiOps {u, 1)) Ops (ipoii^), 1) = 0ps {cp„{u) - «y, 1) • 0ps {u, 1) . 

The equality (*) is true because (Po{t:s) — o'o(7rs) — tt^, for all s > 0. The derivation 
on M^(Vq) arises from the derivation on f^;"'" (cf. (4.6.1)), hence the operator 
attached to the basis ei^0ps{v, 1) G M^(Va) is (cf. 1.2) dr - dT,iog{Ops{v, 1)). As 
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explained in 4.55, the isomorphism class of M'(Va) depends only on a ~ S{f (t)). 
Hence, we can suppose a = a- and /(T) = /"(T) e Ws{T-^Ok[T-^]) (of. 3.18). 
Let us write I/" instead of i/. By equation (3.0.21), we have 

(4.6.13) 0p.iu-,if^' = cp.irinif^\ 

hence dT.\og{&p=ii^~ , 1)) = (?T.iog(cps (/~(T), 1)). This establishes point (3) and (4). 

Both the Swan conductor and the irregularity are stable under extension of the 
constant field K, hence we can suppose K — K^^^. We can suppose that f~{T) 
is pure (cf. 3.23), because both the Swan conductor and the irregularity depend 
only on . Write f~{T) = X^neJp '^"p"*"'-^ Si'^ce the irregularities of 

the A„pm(„)r~"P"'"''s are all different we can suppose f~{T) = A„pm(„)T~"'''"'"' . 
Now write explicitly (cf. definition 3.11) 

A„p™(„,T-"p'"'"' = (A,^-"f^A,+l^-"p'■^^...,A™^-"f"'"') 

= {XrT-^'p^ , . . . , 0) + • ■ • + (0, . . . , 0, A™r-"p"*"' ) . 

Since, by Reduction Theorem 2.21, the irregularities of the these vectors are all 
different, and since both the irregularity and the Swan conductor are invariant by 
V (cf. (4.4.1)), we can suppose /"(T) = (AT-",0, ... ,0), with |A| = 1. Moreover, 
since K = K"^^^, the residue field is perfect and, replacing AT"" with X^/v'' T^^/^'' , 
we can suppose (n,p) = 1 (cf. 1.38). The irregularity is then np* (cf. 4.32), and 
it is equal to the Swan conductor (see for example [Bry83]). This Theorem is the 
analogue of 4.33 for Artin-Schreier characters of Ge). □ 

Remark 4.58. Suppose that the character is totally ramified, and choose 
/-(T) in W,,(T-i0A'[T-i]), then (?p.(iy, 1) = ep.(/-(T), 1). 

Remark 4.59. Let oq = ^ e Zp n Q. Suppose that /x„ c k. Let /3ao : G -> 
C A'^ be the Kummer character defined by t"-° . We have /3ao(7) = j{t'^°)/t"". 

As before, a basis of (V/j^ ) is given by e(E)T-'"' G Vp^ «)£:j^"", because 7(e) := 

/3ao(7)e. Then (^(e®T-"«) = r°>(r-°o) • (e®T-"«), and M^(V/3j = M(ao,0). 

We do not necessarily have an action of ipo, because ctq does not fix the n-th root 

of 1. 
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Transfer Theorem, 9 

V ; W(_R) ^ W(H), 

V : W™(R) ^ W„+i(fl), 14 
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